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وﻱﻌѧﺎﻟﺞ هѧﺬا اﻟﺒﺤѧﺚ . واﻟﻜﺜﻴѧﺮ ﻣѧﻦ اﻟﺘﻄﺒﻴﻘѧﺎت اﻻﺧѧﺮى , اﻟﺘﻬﻮﻱѧﺔ اﻟﻤﻨﺰﻟﻴѧﺔ , ﺏﻌѧﺾ ﻋﻨﺎﺻѧﺮ اﻟﻤﻔﺎﻋѧﻞ اﻟﻨѧﻮوي ,اﻻﻟﻜﺘﺮوﻧﻴﺔ 
ﻓﻘѧﺪ ﺕѧﻢ . ﻟﻜѧﻦ ﺏﻄѧﺮق  ﻣﺨﺘﻠﻔѧﺔ ﻟﻠﺘﺴѧﺨﻴﻦ ( اﻟﻘﻨѧﻮات اﻟﺼѧﻔﺎﺋﺤﻴﺔ اﻟﻤﺘﻮازﻱѧﺔ )ﻲ  اﻟﻘﻨﻮات اﻟﻌﻤﻮدﻱﺔ ذات اﻟﻤﻘﻄﻊ اﻟﺜﺎﺏﺖ اﻟﺘﺪﻓﻖ ﻓ 
آﻤﻴﺔ اﻟﺤﺮآﺔ  واﻟﻄﺎﻗѧﺔ ﺏﺎﻻﺽѧﺎﻓﺔ اﻟѧﻰ ﻧﻤѧﻮذج ,اﻟﺤﺼﻮل ﻋﻠﻰ ﺕﻔﺎﺻﻴﻞ اﻟﺘﺪﻓﻖ واﻟﺤﻘﻞ اﻟﺤﺮاري ﻣﻦ ﺣﻞ ﻗﺎﻧﻮن ﺏﻘﺎء اﻟﻜﺘﻠﺔ 
وﺕﺮآѧﺰ ﻋﻠѧﻰ ﺕѧﺄﺙﻴﺮ ﺷѧﻜﻞ اﻟﻘﻨѧﺎة ﻋﻠѧﻰ ﺧﺼѧﺎﺋﺺ .,  ( 901-501)و ﺕﻐﻄѧﻲ اﻟﺪراﺳѧﺔ رﻗѧﻢ راﻟѧﻲ ﻣѧﻦ . ﻟﻼﻧﺴﻴﺎب اﻟﻤﻀѧﻄﺮب 
وﻗﺪ ﻧﻢ ﻧﺤﻘﻴѧﻖ ﺻѧﺤﺔ اﻟﺘﻨﺒѧﺄ اﻟﻌѧﺪدي ﻟﻠﺴѧﺮﻋﺔ .واﻟﻤﺘﻮﺳﻂ اﻟﺘﺪﻓﻖ واﻟﺤﻘﻞ اﻟﺤﺮاري ﺏﺎﻻﺽﺎﻓﺔ اﻟﻰ ﺕﻐﻴﺮ رﻗﻢ ﻧﻮﺳﻠﺖ اﻟﻤﺤﻠﻲ
 اﻟﻤﺘﻮﻓﺮة ﻓﻲ اﻟﻤﺠﻼت اﻟﻌﻠﻤﻴﺔ واﻟﺤﻘﻞ اﻟﺤﺮاري ﺏﺎﻹﺽﺎﻓﺔ اﻟﻰ ﺕﻐﻴﺮ رﻗﻢ ﻧﻮﺳﺎﺕﺒﺎﻟﻤﻘﺎرﻧﺔ ﻣﻊ اﻟﺒﻴﺎﻧﺎت اﻟﺘﺠﺮﻱﺒﺔ
 .
اﻟﺘѧﺪﻓﻖ ﻃﺒﻴﻌѧﻲ ﻹﻧﺘﻘѧﺎل اﻟﺤѧﺮارة ﻟﺪﻱѧﻪ اﻟﻘѧﺪرة اﻟﺘﻨﺒѧﺄ ﻋﻠѧﻰ 3M-ε-k eR wol          ﺖ اﻟﻨﺘѧﺎﺋﺞ ﻋﻠѧﻰ ان ﻧﻤѧﻮذج وﻗѧﺪ دﻟѧ 
وﻗѧﺪ ﺕѧﻢ .     ﻓѧﻲ اﻟﻤﺠѧﺎل اﻟﻤѧﺬآﻮر اﻟﻤﺤѧﺪد ﻟѧﺮﻗﻢ راﻟѧﻲ ﺏﺎﻟﺤﻤѧﻞ اﻟﻤﻀѧﻄﺮب  ﻓѧﻲ اﻟﻘﻨѧﻮات اﻟﺼѧﻔﺎﺋﺤﻴﺔ اﻟﻌﻤﻮدﻱѧﺔ اﻟﻤﺘﻮازﻱѧﺔ
وﻗѧѧѧﺪ دﻟѧѧѧﺖ اﻟﻨﺘѧѧѧﺎﺋﺞ ﻋﻠѧѧѧﻰ ان اﻓﺘѧѧѧﺮاض .اﻟﻘﻨѧѧѧﺎةاﺳѧѧѧﺘﺨﺪام ﻧﻤѧѧѧﺎذج ﻣﺨﺘﻠﻔѧѧѧﺔ ﻟﻨﻤﺬﺝѧѧѧﺔ ﻋﻤﻠﻴѧѧѧﺔ اﻟﺘѧѧѧﺪﻓﻖ ﻓѧѧѧﻲ ﻣѧѧѧﺪﺧﻞ وﻣﺨѧѧѧﺮج 
وﻗѧﺪ ﺕѧﻢ اﺷѧﺘﻘﺎق .ﻟﻠﻘﻨѧﻮات اﻟﺼѧﻔﺎﺋﺤﻴﺔ اﻟﻌﻤﻮدﻱѧﺔ اﻟﻤﺘﻮازﻱѧﺔ اﻟﻀﻐﻄﺎﻟﻤﺘﺴѧﺎوي ﻋﻨѧﺪ اﻟﻤѧﺪﺧﻞ ﻱﻤﻜѧﻦ ان ﻱﻤﺜѧﻞ اﻟﺘѧﺪﻓﻖ اﻟﺤﻘﻴﻘѧﻲ 
ﻋﻼﻗﺔ ﺕﻮاﻓﻘﻴﺔ ﻟﺮﻗﻢ ﻧﻮﺳﻠﺘﺘﻢ ﺏﺪﻻﻟﺔ  رﻗﻢ راﻟﻴﺔ اﻟﻤﻌﺪل وﻧﺴѧﺒﺔ اﻟﻄѧﻮل اﻟѧﻰ  اﻟﻌѧﺮض ﻟﻠﻘﻨѧﺎة ذات  ﻟﻠﺴѧﻄﻮح اﻟﻤﺴѧﺨﻨﺔ ﺏﺸѧﻜﻞ 
 . ﻠﺘﺪﻓﻖ اﻟﺤﺮاري وﺏﺸﻜﻞ ﻣﺘﺴﺎوي ﻟﺪرﺝﺔ اﻟﺤﺮارة ﻣﺘﺴﺎوي ﻟ
                                                      
 
 هﺬﻩ اﻟﺪراﺳﺔ أﻋﺪت ﻟﻨﻴﻞ درﺟﺔ اﻟﻤﺎﺟﺴﺘﻴﺮ ﻓﻲ اﻟﻌﻠﻮم
 ﺝﺎﻣﻌﺔ اﻟﻤﻠﻚ ﻓﻬﺪ ﻟﻠﺒﺘﺮول واﻟﻤﻌﺎدن
 اﻟﻤﻤﻠﻜﺔ اﻟﻌﺮﺏﻴﺔ اﻟﺴﻌﻮدﻱﺔ,اﻟﻈﻬﺮان 
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Chapter 1 
Introduction 
1.1 Background 
Heat transfer is the area that deals with the mechanisms responsible for 
transferring energy from one place to another when a temperature difference exists. In 
thermodynamics, heat is defined as energy in transient; however most of the 
thermodynamic processes are concerned with equilibrium or quasi equilibrium situations. 
In the study of heat transfer, both equilibrium and non-equilibrium processes are 
encountered. The science of heat transfer allows us to determine the time rate of energy 
transfer caused by the more practical non-equilibrium processes. With the growing 
sophistication in technology and with the increasing concern with energy and the 
environment, the study of heat transfer has, over the past several years, been related to a 
very wide variety of problems, each with its own demands of precision and elaboration in 
the understanding of the particular processes of interest. Areas of study range from 
atmospheric, geophysical and environmental problems to those in heat rejection, space 
research and manufacturing systems. 
Of the two basic processes of thermal energy transport, conduction and radiation, 
the formal occurs if a temperature difference exists in a material and is due to the motion 
of the microscopic particles that comprise the material. The motion of the particles is 
dependent on the local temperature in the material and diffusion of energy occurs due to 
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differences in the local motion. The energy transfer in the later mode, radiation, is in the 
form of electromagnetic waves. Energy is emitted from a material due to its temperature 
level, being larger for a large temperature, and is then transmitted to another surface 
through the intervening space, which may be vacuum or a medium that may absorb, 
reflect or transmit the radiation depending on the mature and extent of the medium. There 
is also a third mode of heat transfer, convection, in which the conductive heat transfer 
processes are coupled with the motion of a fluid. As a consequence of this fluid motion, 
the heat transfer rate, as given by conduction, is often considerably altered.  
In the diversity of studies related to heat transfer, considerable effort has been 
directed to the convective mode, in which the relative motion of the fluid provides an 
additional mechanism for the transfer of energy. Convection is inevitably coupled with 
the conductive mechanism in most convection hear transfer processes. Also, at the solid 
surface, the process is predominantly conduction due to the relative fluid motion being 
brought to zero. A study of the convective heat transfer, therefore, involves the 
mechanism of conduction and, sometimes, those of radiative processes as well, coupled 
with those of fluid flow. This makes the study of this mode of heat transfer a very 
complex one, though its importance in technology and in nature can hardly be 
exaggerated. 
The convective mode of heat transfer is further divided into two basic processes. 
If the motion of the fluid arises due to an external agent, such as the externally-imposed 
flow of a fluid stream over a heated object, the process is termed forced convection. If on 
the other hand, no such externally-induced flow is provided and the flow arises naturally 
simply due to the effect of a density difference, resulting from a temperature difference, 
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in a body force field, such as the gravitational field, the process is termed as natural 
convection. 
1.2 Natural Convection  
Natural convection is one of the most economical and practical methods of 
cooling and heating. Natural convection is caused by temperature or concentration 
induced density gradient within the fluid. Natural convection flow occurs as a result of 
the influence of gravity forces on fluids in which density gradients have been thermally 
established. When a vertical cold plate is placed in warm stationary fluid, the temperature 
of the fluid near the wall will decrease resulting in an increase in the fluid density. This 
density increase results in downward flow of the heavier cold fluid near the plate and 
upward flow of the lighter warm fluid. When a hot plate is placed in cool still fluid it 
results in an upward flow of the light warm fluid near the plate. Other type of natural 
convection flow occurs in the presence of centrifugal forces that produce variation in the 
fluid density. 
 
1.3 Natural Convection adjacent to a Vertical Flat Plate 
In a wide class of natural convection processes, heat transfer occurs from a heated 
vertical surface placed in a quiescent medium at a uniform temperature. If the plate 
surface temperature is greater than the ambient temperature, the fluid adjacent to the 
vertical surface gets heated, becomes light and rises. Heavier fluid from the neighboring 
areas rushes in to take the place of the rising fluid; similarly, the flow for a cooled surface 
is downwards. The fluid layer in contact with the surface is stationary due to the no-slip 
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condition and the fluid far from the vertical surface is stagnant because of the infinite 
quiescent medium. A boundary layer flow exists and the region outside the boundary 
layer is unaffected by the flow (Bejan, 1995). Laminar flow exists within the boundary 
layer up to a certain height of the plate, beyond which turbulence gradually develops 
because of the associated thermal instability. 
1.4 Natural Convection through Vertical Parallel Plate Channels 
In a smooth vertical parallel plate channel that are open to the ambient at top and 
bottom ends, natural convection occurs when at least one of the two plates forming the 
channel is heated or cooled. The resulting buoyancy-drive flow can be laminar or 
turbulent depending on the channel geometry, fluid properties and temperature difference 
between the plate and ambient. The Rayleigh number at which flow becomes turbulent in 
vertical channels is different from that of flow over a vertical flat plate. Surface thermal 
conditions may be idealized as being isothermal or isoflux and symmetrical or 
asymmetrical. For small aspect ratio (length to inter-plate spacing), independent 
boundary layer develops at each surface and a condition similar to that of a vertical plate 
in an infinite quiescent medium takes place. For large aspect ratio, however, boundary 
layers developed on opposing surfaces eventually merge to yield a fully developed 
condition. Due to modern application of cooling of electronic equipments such as printed 
circuit boards, there has been resurgence of interest in studying natural convection in 
vertical channels. Understanding the flow pattern in these equipment may significantly 
improve their design and consequently their operational performance Incropera and 
DeWitt (1996). 
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Chapter 2 
Literature Survey 
2.1 Experimental Investigation 
2.1.1 Laminar Flow Regimes 
Elenbaas (1942) conducted the first comprehensive experimental work, which has 
served as a benchmark for most subsequent studies. Laminar natural convection heat 
transfer in smooth parallel-plate vertical channels was investigated and a detailed study of 
the thermal characteristics of cooling by natural convection was reported. This work was 
followed by many experimental, theoretical and numerical investigations for both laminar 
and turbulent flow regimes. 
During the last two decades, a number of studies involving experimental 
measurements of heat transfer in laminar free convection flows between two vertical 
plates were reported. Sparrow and Azevedo (1985) conducted experimental and 
numerical studies on the effect of inter-plate spacing on natural convection heat transfer 
characteristics of a one-sided heated vertical channel. The 50-fold variation of the inter-
plate spacing enabled the investigation of all operation conditions between the two limits 
of the fully developed channel flow and the single vertical plate. The experiments were 
performed in water at Prandtl number Pr =5. The numerical solutions were carried out for 
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the same operating conditions taking into account both natural convection in the channel 
and conduction at the wall. It was reported that the heat transfer process is particularly 
sensitive to changes in inter-plate spacing for narrow channels. 
The problem of natural convection heat transfer in a vertical channel with a single 
obstruction was investigated both experimentally and analytically by Said and Krane 
(1990). In the experimental part, optical techniques were used to obtain measurement of 
both quantitative data (heat flux and temperature) and qualitative data (flow 
visualization). Only uniform wall temperature boundary conditions were considered 
experimentally. In the numerical study, a general purpose, finite element computer code 
NACHOS was used with the two thermal boundary conditions of uniform wall 
temperature and uniform heat flux. They concluded that the location of the obstruction 
along the wall affects the rate of heat transfer. Moving the obstruction away from the 
entrance towards the exit was found to reduce the net heat transfer rate from the channel. 
Kihm et al. (1993) investigated natural convection heat transfer characteristics in 
converging vertical channel flows by measuring the wall temperature gradients using a 
laser specklegram technique in which the wall temperature gradient was measured non-
intrusively using laser. The local and average heat transfer coefficients were obtained for 
forty different configurations, including five different inclination angles from the vertical 
(θ = 0O, 15O, 30O, 45O and 60O) with eight different channel exit openings for each 
inclination angle. Correlations were obtained for the local and average heat transfer 
coefficients in the range of Grashof numbers up to 7.16×106, however, the flow regimes 
for all considered cases were laminar. They reported that as the top opening of channel 
decreased, both local and average Nusselt number values started decreasing below that of 
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a single plate. In the low Rayleigh number range, neither the single-plate limit not the 
fully-developed limit could properly describe the heat transfer characteristics in the 
converging channel. In another study, Kihm et al. (1995) investigated both 
experimentally and theoretically the phenomenon of flow reversal in natural convection 
flow between two isothermal vertical walls. They reported the existence of a recirculating 
flow region accompanied by vena-contracta-like streamlines at the entrance when 
Rayleigh number exceeded a certain critical value. This phenomenon resulted in 
insufficient volume flow rate through the channel, which in turn, limited the increase of 
heat transfer as Rayleigh number increases. 
Naylor and Tarasuk (Part II, 1993) conducted an interferometric study on two-
dimensional laminar natural convection in an isothermal vertical divided channel for two 
different positions of the dividing plate. The average Nusselt number obtained 
experimentally was found to be 10% less than the one obtained numerically (Naylor and 
Tarasuk, Part I, 1993); however, the general trends were in a good agreement. Tanda 
(1995) investigated experimentally the problem of heat transfer between two staggered 
vertical plates in the presence of a natural convection regime with emphasis on the effect 
of interplate spacing and the magnitude of vertical stagger on the heat flux from each 
plate. The parameters investigated included the interplate spacing, the magnitude of the 
vertical stagger, and the Rayleigh number based on the overall convective heat flux from 
each plate. The experiments were performed in air and the characteristics of the thermal 
field around the plates were obtained using a schlieren optical technique. They reported 
that staggering affects the heat transfer characteristics of the facing sides of the plates 
when the interplate distance was relatively small. The Nusselt number averaged on the 
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inner face of the lower plate was enhanced up to over 40% compared with that for the 
case of the unstaggered plate channel. On the other hand, the mean Nusselt number on 
the facing side of the upper plate was reduced by 15%. 
Manca et al. (1995) conducted an experimental study of laminar natural 
convection in an asymmetrically heated vertical channel with uniform flush mounted 
discrete heat sources. The effect of wall emissivity was taken into account. The wall 
temperature profiles as a function of emissivity, strip heat flux, channel spacing, the 
number strips and their arrangement were presented. A correlation for Nusselt number in 
terms of Rayleigh number was proposed for Rayleigh numbers ranging from 10 to 106. 
Tanda (1997) performed experiments for studying heat transfer in natural convection 
flow of air in a vertical channel with one surface roughened by transverse square ribs 
while the opposite surface kept smooth. Isothermal condition was imposed on the ribbed 
side, while the other side remained unheated. A schlieren optical technique was used for 
measuring the thermal field characteristics and for obtaining the distribution of the local 
heat transfer coefficient. It was found that the presence of the square ribs results in lower 
heat transfer in comparison with the smooth channel. The same problem was investigated 
by Daloglu and Ayhan (1999) who conducted measurements of natural convection in a 
rectangular channel with fins connected periodically to both plates. The channel had an 
aspect ratio of 66 and the walls were maintained at uniform heat flux. Results were 
obtained for the modified Rayleigh numbers ranging from 20 to 90 and it was found that 
the Nusselt number for finned channels is less than that for smooth channels for all values 
of Rayliegh number. 
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A study on natural convection from an array of vertical plates with discrete and 
protruding heat sources was reported by Fujii et al. (1996). The problem was investigated 
both theoretically and experimentally. The governing equations of motion and energy 
were solved numerically using an upwind finite difference scheme for Grashof numbers 
up to 8.8×105. The velocity profiles between the central plates were measured using a 
laser-Doppler anemometer while the plate surface temperature was measured using 
thermocouples. A correlation for the local Nusselt number was proposed that is capable 
of predicting the protrusion surface temperature within an error band of ±20%. Hall et al. 
(1999) conducted experimental and numerical studies to determine the temperature 
distribution on the surfaces of vertical channels formed by parallel plates heated 
symmetrically and cooled by conduction, radiation and natural convection in air. Effects 
of wall separation, wall thickness, thermal conductivity, and emissivity on the wall 
temperature distribution were determined. Optimum channel width and correlation for the 
maximum wall temperature rise were obtained for both controlled and uncontrolled edge 
temperature conditions. 
2.1.2 Turbulent Flow Regimes 
Miyamoto et al. (1986) conducted the first experimental study on turbulent free 
convection heat transfer in an asymmetrically heated vertical channel. The channel was 
formed from two vertical parallel plates. One plate was heated by imposing a uniform 
heat flux along the plate and the opposite plate was adiabatic. The channel (4.98 m high 
and spanned 0.95 m) was open at the bottom and top. Experiments were performed with 
channel widths of 50, 100 and 200 mm. The temperature variation on the heated and 
adiabatic vertical plates as well as the turbulence characteristics of the free convection 
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flow between the plates (mean values, intensities and correlation of fluctuating velocity 
and temperature) were measured. These results were compared with those of a single 
plate. The temperature and velocity fields were presented at three vertical locations and 
the variation of the local heat transfer coefficient was determined along the heated wall.  
La Pica et al. (1993) conducted an experimental study of free convection heat 
transfer in a vertical channel in a laboratory model of rectangular cross-section, with a 
wall of breadth 1.2 m and variable channel width, and a fixed height of 2.6 m. One of the 
channel walls was heated with uniform heat flux. Tests were conducted with different 
values of channel gap and heating power. On the basis of the obtained results, two 
correlations were reported for the average Nusselt number in terms of Rayleigh number 
and a geometrical parameter (channel gap/channel height). 
Habib et al. (2001) presented experimental measurements in a vertical parallel-
plate channel. Vertical velocity profiles and contours were presented for symmetric and 
asymmetric channels. Flow visualization in parallel- and converging-plate channels were 
also presented. The results indicate the significant influence of the boundary conditions 
on the flow field. In another study, Habib et al. (2002) conducted velocity field 
measurements for natural convection flow in symmetrically and asymmetrically heated 
vertical channels. In the symmetrically heated channel, both plates are heated above the 
ambient temperature where in the asymmetrically heated channel, one plate was kept 
above ambient temperature and the other one below it. Velocity measurements were 
performed by Laser Doppler Anemometer for two Rayleigh numbers (Ra= 2 x 106 and 4 
x 106 ) both in the turbulent region. The results of velocity measurements indicated high 
velocity gradient at the shear layer close to the hot wall and a region of reverse flow at 
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the center of the channel close to the channel exit in the symmetrical case. In the 
asymmetrical case, a large vortex was formed with upward flow near the hot wall and 
downward flow near the cold wall. The measurements showed a thicker boundary layer 
close to the hot wall in comparison with that near the cold wall. It was also reported that 
cooling one of the two plates below ambient temperature influences the flow pattern 
significantly and results in a small vortex at the center of the channel at its middle 
section. The skewness factor for the asymmetrical flow was found to be higher than that 
for the symmetrical case. 
2.2 Numerical Investigations 
2.2.1 Laminar Flow Regimes 
The first numerical solution for developing natural convection flow in an 
isothermal channel was carried out by Bodia and Osterle (1962) using the boundary-layer 
approximation. The authors assumed uniform velocity and temperature profiles and 
ambient pressure at the channel inlet while assuming fully-developed flow at the channel 
exit. The solution methodology developed by Bodia and Osterle (1962) was widely used 
to solve free convective channel flow problems for various boundary conditions as in the 
works by Aung et al. (1972), Miyatake and Fujii (1972), Dalbert et al. (1981), and 
Oosthuzien (1981). Very few numerical solutions to free convection in the vertical 
channel were carried out without using the boundary-layer approximation. Among these 
were the works by Kettleborough (1972) and Nakamura et al. (1982) who presented data 
from the finite-difference solutions of the full conservation equations. However, the 
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results were limited to two values of Grashof number and are in poor agreement with 
other published results in many aspects. 
Naylor et al. (1991) conducted a numerical study on developing free convection 
flow between isothermal vertical plates with aspect ratios between 10 and 24. The 
Navier-Stokes and energy equations were solved numerically assuming a special inlet-
flow boundary conditions in the range of Grashof number 50 < Gr <5×104. The results 
showed a new recirculating flow zone in the entrance region when Gr = 104 for a channel 
of length to width ratio of 24. They assumed a radial flow caused by a sink positioned at 
the middle of the inlet section and a fully developed flow at the exit section. This was not 
applicable to low Rayleigh number cases since conduction far upstream from the channel 
inlet heats the approaching flow. At low Rayleigh number, the flow entered the channel 
without separation; however, in the high Rayleigh number range separation occurred 
followed by the formation of small eddies close to the channel wall near the leading edge. 
As aspect ratio increases, flow separation was found to occur for lower values of 
Rayleigh numbers. Both parabolic and elliptic solutions resulted in fair agreement 
between the pressure variations along the channel centerline at low Rayleigh numbers. 
However, a large difference was found especially near the channel entrance at high 
Rayleigh numbers. This was mainly due to flow separation in the entrance region causing 
a ‘venturi’ effect on the mainstream leading to a local pressure drop. Comparisons with 
the boundary-layer results show that the full elliptic solution is necessary to get accurate 
results in the channel entrance region. The obtained velocity and temperature profiles 
were not in good agreement with those reported by Kettleborough (1972) and Nakamura 
et al. (1982) at Grashof numbers of 125 and 1250. Kettleborough (1972) predicted an 
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interesting phenomenon of reverse flow in the channel with fluid being drawn into the 
channel from the channel exit section, however, the temperature profiles obtained did not 
agree with those predicted by Nakamura et al. (1982). Although the general trend of the 
local heat transfer distributions is the same, both parabolic and elliptic predictions 
obtained by Kettleborough (1972) and Nakamura et al. (1982) were much lower than the 
experimental results reported by Wirtz and Haag (1985).  
Naylor and Tarasuk (Part I, 1993) obtained a numerical solution for the problem 
of two-dimensional laminar natural convection in a divided vertical channel. The channel 
was divided by an isothermal vertical plate located midway between the two isothermal 
channel walls. The study examined the effect of Rayleigh number, plate-to-channel 
length ratio, vertical plate position, and the plate thickness on the heat transfer process. 
Solutions for both full elliptic and parabolic forms of the Navier-Stokes and energy 
equations were obtained for Prandtl number Pr = 0.7. Positioning the plate at the bottom 
of the channel was found to give the highest average Nusselt numbers for the plate and 
for the channel. The average Nusselt number on the dividing plate was about two times 
higher than that of a single flat plate placed in a fluid of infinite extent. The 
computational domain was described by the same authors in their earlier work (Naylor et 
al., 1991) and utilizing the same boundary conditions. At low Rayleigh numbers, the flow 
entered the channel smoothly whereas separation occurred at the channel inlet at high 
Rayleigh numbers. The thermal boundary layers look similar to those of two semi-infinite 
vertical flat plates and the two boundary layers merge before the channel exit. The 
authors studied the variation of the plate average Nusselt number with Rayleigh number 
for several length ratios. Further investigations on the separation bubble formed near the 
14 
 
channel entrance region were carried out by Roberts and Floryan (1998). This separation 
bubble was found to have a considerable effect on the local Nusselt number especially at 
high Grashof numbers. When this sharp-edged inlet corners were rounded, the inlet 
separation region disappeared for all Grashof numbers. It was found that the local Nusselt 
number decreases in the entrance region of the channel with square corners but with no 
such decrease in the case of rounded corners. 
Darie et al. (1998) numerically studied the effect of through forced upward flow 
on natural convection from an asymmetrically heated vertical channel. The study focused 
on the effect of forced flow on heat transfer from the cold wall and the conditions 
required for achieving an effective thermal insulation. The study revealed that there is a 
critical Reynolds number that will significantly reduce the Nusselt number on the cold 
wall. Flow transition from buoyancy driven flow regime to forced convection flow 
regime was found to depend on the aspect ratio. Two critical Reynolds number were 
reported; the first for the heat transfer process and the second for the flow structure. The 
first critical Reynolds number was found to be proportional to the square of aspect ratio 
(independent of Ra) while the second critical Reynolds number was determined based on 
a fully-developed flow assumption for different aspect ratios. It was found that the 
analytical prediction for the second critical Reynolds number is only valid for aspect 
ratios less than 8.  
The effect of other parameters including different forms of heating, transient 
regimes, chimney effect and channel geometry were investigated by a number of 
researchers. Shahin and Floryan (1999) studied the heat transfer enhancement generated 
by the chimney effect in a system of vertical channels. The increase in heat transfer with 
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adiabatic chimneys was studied numerically and a heat transfer correlation was presented. 
Chang et al., (1997) performed numerical analysis of transient natural convection in 
vertical plates of finite length with transient symmetric isoflux heating. The parameters 
studied were the Grashof number ranging from 10 to 108 for aspect ratio 5. The transient 
thermal and flow fields, including isotherms, pressure contours, streamlines and velocity 
profiles for various Grashof number were obtained. A correlation of a transient-induced 
Reynolds number for a vertical finite-length channel with various transient Rayleigh 
numbers was proposed. The effect of variation of fluid properties within the thermal field 
was studied by Zamora and Hernandez (1997) who focused on the influence of variable 
property on laminar airflow induced by natural convection in a vertical, asymmetrically-
heated channel. A full-elliptic model accounting for the variation of viscosity and thermal 
conductivity was used. They concluded that the variable property effects have a strong 
influence on the velocity and temperature fields. Other forms of heating was reported in 
the work by Lee (1999) who conducted a numerical/theoretical investigation on laminar 
natural convection heat and mass transfer between two vertical parallel plates with 
unheated entry and exit regions. Both with uniform wall temperature/concentration and 
uniform wall heat flux/mass flux as boundary condition. Results of dimensionless 
induced flow rate, average Nusselt number, Sherwood number were reported and 
correlations for these parameters were presented. 
Theoretical studies of laminar natural convection in vertical and inclined channels 
with different geometries were recently reported by a number of researchers. Straatman et 
al. (1994) investigated the effect of the angle of inclination on natural convection heat 
transfer in a channel with isothermal walls. The overall heat transfer was found to 
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decrease as the inclination angle increased. The amount of decrease in heat transfer was 
proportional to the cosine of the inclination angle. The heat flux distribution along each 
wall was presented. No significant asymmetric thermal field was observed in the 
considered range of the parametric studies. Said (1996) conducted a numerical 
investigation of natural convection heat transfer in a uniform convergent vertical channel 
with air as the working medium. Half-angle of convergence in the range of 0O to 10O was 
employed and solutions were obtained for modified Rayleigh number ranging from 1 to 
2x104. To obtain a correlation for Nusselt number suitable for merging the convergent 
channel results with those of the parallel-walls channel, three characteristic dimensions 
based on the minimum, average and maximum channel interval spacing were considered. 
It was found that the maximum interval spacing is the most appropriate as a characteristic 
dimension. The effect of wall protrusions on natural convection in a vertical two-parallel-
plate channel was investigated by Sarma et al. (1995) with the assumption that one of the 
plates is flat while the other has periodic protrusions. The governing equations were 
solved using a regular perturbation method assuming steady laminar 2-D flow. The study 
showed that both flow rate and heat transfer coefficient decrease in the presence of wall 
protrusions. 
2.2.2 Turbulent Flow Regimes 
Contrary to the large volume of research published on the problem of laminar 
natural convection flow in vertical channels, only few investigations were reported on the 
turbulent flow case. Nobuhide and Mitsugu (1997) investigated the fully developed, 
turbulent combined (forced and natural) convection between two vertical parallel plates 
kept at different temperatures through a series of direct numerical simulations. The 
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pressure gradient drives the mean flow upward, while the buoyant force acts either 
upward (aiding flow) near the high temperature wall or downward (opposing flow) near 
the low temperature wall. The Reynolds number based on the channel half-width and the 
friction velocity is assumed to be 150; whereas the Grashof number based on the channel 
width and the wall temperature difference varies from 0 to 1.6x106. The effect of 
buoyancy on the turbulence statistics including the mean velocity and temperature, the 
Reynolds stress tensor and the turbulent heat flux vector were examined.  
Fedorov and Viskanta (1997) studied the induced flow and heat transfer in an 
asymmetrically heated, vertical parallel-plate channel. A low Reynolds number ε−k  
turbulence model was used in conjunction with heat transfer analysis in the channel. The 
model predictions were first validated through comparisons with the experimental data 
reported by Miyamoto et al. (1986). The local Nusselt number distributions were 
presented and the induced flow rate and average heat transfer coefficient were obtained in 
terms of the relevant dimensionless parameters. The study focused on symmetrically 
heated vertical, parallel-plate channel with one wall heated (either uniform wall 
temperature or constant heat flux) and the other wall adiabatic. Air enters the channel 
from below at ambient temperature and moves upward by buoyancy forces. The flow was 
considered steady and incompressible and the heat transfer by radiation was neglected. 
The velocity at the inlet section was computed from the mass balance and the velocity 
gradient was set to zero at the channel exit section. Comparison of the available 
experimental data and the model predictions suggested that the low Reynolds number 
ε−k  turbulence model was capable of predicting the flow and thermal fields with 
reasonable accuracy. It was found that the turbulence intensity assumed at the channel 
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inlet affects the location of transition from laminar to turbulent flow as well as the 
average heat transfer coefficient. In another paper, Fedorov et al. (1997) predicted the 
heat and mass transfer from an evaporating water film falling under gravity along a 
heated vertical plate with countercurrent airflow in a parallel-plate channel. A low 
Reynolds number ε−k  turbulence model similar to that used by the same author 
(Fedorov and Viskanta, 1997) was used in conjunction with heat and mass transfer 
analysis in the asymmetrically heated channel. The heated wall was wetted with a film of 
water that flows downward by gravity, and a counter flow air stream cooling the water 
film. The model predictions were compared with experimental data (Miyamoto et al., 
1986) for validation. The variation of the local heat flux and Nusselt and Sherwood 
numbers were reported.   
Versteegh and Nieuwstadt (1998, 1999) conducted a numerical simulation of 
turbulent natural convection in a differentially heated vertical channel in the Rayleigh 
number range Ra = 5.4 x 105 to 5.0 x 106. The emphasis in their work was on the analysis 
of turbulent Reynolds stresses, fluxes, variances and the related budgets based on the 
turbulence structure found from linear stability analysis of the laminar solution of the 
problem. The scaled mean profiles like velocity, temperature, and turbulence quantities 
(temperature flux, temperature variance, velocity variance) were presented. A numerical 
simulation of conjugate, turbulent natural convection air-cooling of three identical heated 
ceramic components mounted on a vertical adiabatic channel was carried out by Bessaih 
and Kadja (2000). A two-dimensional heat transfer model together with the standard 
ε−k  turbulence model was used to study the flow and thermal fields. The finite-volume 
method was used to solve the model equations throughout the entire physical domain. In 
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another paper Bessaih  and Kadja (2000) presented a numerical simulation of conjugate, 
turbulent natural convection air cooling of three heated ceramic components having as 
aspect ratio of one, mounted on a vertical adiabatic channel wall. A three-dimensional, 
conjugate heat transfer model, and a high Reynolds number ε−k  turbulence model were 
used together with finite-volume discretization. The effects of spacing between the heated 
electronic components and the removal of heat input in one of the components were 
reported. 
2.3 Turbulence Modeling for Buoyancy-driven flows 
The buoyancy driven fluid motion in vertical open channels arises from heat 
transfer through vertical or nearly vertical walls, the greatest effects of buoyancy occur 
very close to the wall where the temperature is highest. This renders inapplicable the use 
of local-equilibrium logarithmic velocity and temperature-versus-distance variations to 
simplify the calculation of near-wall flows. The standard ε−k  model (Launder and 
Spalding, 1974; Rodi, 1980) was devised for high Reynolds number turbulent flows and 
is traditionally used in conjunction with a wall function when it is applied to wall-
bounded turbulent flows. However, universal wall functions do not exist in complex 
flows, and it is thus necessary to develop a form of ε−k  model equations that can be 
integrated down to the wall. Jones and Launder (1973) first proposed a low Reynolds 
number ε−k  model for near-wall turbulence, which was then followed by a number of 
similar ε−k  models. The simplest example of a near-wall modified turbulence model is 
the van Driest (1956) damping function for the mixing length. More advanced models 
incorporate either a wall damping effect or a direct effect of molecular viscosity or both, 
on the empirical constants and functions in the turbulence transport equation devised 
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originally for high Reynolds number, fully turbulent flows remote from the wall. In the 
absence of reliable turbulence data in the immediate vicinity of a wall or at low Reynolds 
numbers, these modifications have been based largely upon comparisons between 
calculations and experiments in terms of global parameters. 
In the models proposed by Chien (1982), Dutoya and Michard (1981), Hassid and 
Poreh (1978), Hoffmann (1975), Lam and Bremhorst (1981), Launder and Sharma (1974) 
and Reynolds (1976), the Reynolds stress is related to the local velocity gradient by an 
eddy viscosity, which is computed from model transport equations for k  andε . The 
models differ from their basic version by the inclusion of viscous diffusion terms as well 
as additional terms such as the wall roughness and a near-wall term for better 
representation of the near-wall behavior. The systematic evaluation of the above two-
equation “low Reynolds number” turbulence models was performed by Patel et al. (1984) 
using a local variable accounting for low Reynolds number and wall proximity effects. 
He suggested that the performance of these models can be improved by selecting a 
damping function for the shear stress that is in agreement with experimental data and has 
an influence restricted to the sublayer and buffer zones; choosing the low Reynolds 
number functions in the dissipation rate equation with a mathematically consistent near–
wall behavior and in accordance with empirical information.  
Yang and Shih (1993) proposed a turbulence model for low Reynolds number 
near wall turbulent flow. This model was free from three major deficiencies. First, a near-
wall pseudo-dissipation rate was introduced to remove the singularity in the dissipation 
equation at the wall. The definition of the near-wall pseudo-dissipation rate was quite 
arbitrary. Second, the model constants were different from those of the standard ε−k  
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model, making the near-wall models less capable of handling flows containing both high 
Reynolds number turbulence and near wall turbulence, which is often the case for a real 
flow situation. Patel et al. (1984) put the first criterion that enables the near-wall models 
to predict turbulent free shear flows. Third, the variable y+ is used in the damping 
function of the eddy viscosity formulae. Since the definition of y+ involves the friction 
velocity, any model containing y+ cannot be used in flows with separation. The above 
deficiencies were overcome by choosing 21k  as turbulent velocity scale. The model 
constants are exactly the same as those in the standard ε−k  model that ensures the 
performance of the model far from the wall. A damping function is proposed in terms of 
Ry ( )υyk 21  instead of y+, as in Lam and Bremhorst (1981) model. This allows the model 
to be used in more complicated flow situation as flows with separation. 
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2.4 Objectives of the Present Work 
As evident from the above literature review, natural convection heat transfer in 
vertical parallel-plate channels was not studied numerically for Rayleigh number ranging 
from 105 to 109. Moreover, the turbulent natural convection solutions for this problem 
were not validated with experimental data in this Rayleigh number range. So far, there is 
no appropriate boundary conditions that can be used for simulating the conditions at the 
inlet and exit section. Accordingly, the main objectives of this study are 
1. Analyzing different turbulence models that can predict flow and heat transfer 
characteristics in this range of Rayleigh number and validate it with existing 
experimental data available in literature. 
2. Evaluate the boundary conditions that can simulate the actual flow process at the 
inlet and exit sections of the channel. 
3. Study both cases of uniform wall temperature and uniform wall heat flux.  
4. Develop correlations for Nusselt number in terms of Rayleigh number. 
Hence, the result of the study is expected to contribute to the literature in this field 
and enhance the understanding of turbulent natural convection in vertical channels. 
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Chapter 3 
 Mathematical Formulation 
In Natural convection, as in other convective processes, a consideration of fluid 
flow is necessary in the study of the energy and mass transfer mechanisms. A study of 
convection further necessitates a consideration of the coupling between the fluid flow and 
the mechanism underlying convection and conduction. This is due to the fact that the heat 
transported due to the moving fluid element would eventually be transferred to adjacent 
surfaces through conduction. In natural convection processes, unlike forced convection, 
the flow itself arises due to the temperature difference in the body force field. Therefore, 
the heat transfer and the fluid flow processes are inseparably linked together and one may 
not be determined independent of the other. 
The physical situation involving fluid flow and heat transfer are governed by the 
conservation principles of mass, momentum, and energy. These principles can be 
expressed in terms of partial differential equations. A close examination of these 
equations reveals that they posses a common form Lapidus and Pinder (1982) 
∫ ∫∫ +⋅∇Γ=⋅
V
dVSdAdAv φφ φρφ  (3.1)
Here φ  is any field variable and v  is the velocity vector. This equation describes the 
transport of scaler or vector quantity which takes place because of convection and 
diffusion processes. 
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The first term in the general transport equation is called convection term. This 
represents the transport of property φ  due to mass flow though the control surfaces. The 
second term represents diffusion of property φ  due to its gradient in the flow field. The 
third term is the source term representing the rate of generation of the transport variable 
φ  within the control volume. 
3.1 General Governing Equation in Physical Space 
3.1.1 Mean flow equation 
In many industrial applications, Natural convection flows are turbulent. 
“Turbulence is an irregular motion which in general makes its appearance in fluids, 
gaseous or liquid, when they flow past solid surfaces or even when neighboring streams 
of the same fluid flow past or over one another.” von Karman (1937). 
The crucial difference between visualization of laminar and turbulent flows is the 
appearance of eddying motion of a wide range of length scales in turbulent flows. A 
typical flow domain of 0.1m to 0.1m with a high Reynolds number turbulent flow might 
contain eddies down to 10 to 100µm size. This requires a computing mesh of 109 to 1012 
points to be able to describe processes at all length scales. The fastest events take place 
with a frequency of the order of 10kHz, so it is required to discretise time into steps of 
about 100µs. 
The present day computing powers are far behind those required to simulate 
turbulent flows using direct numerical simulation (i.e. using full Navier Stokes Equations 
without any modeling assumptions about structure of turbulence). 
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Engineers need computational procedures which supplies adequate information 
about the turbulent processes, avoiding the need of predicting the effects of each and 
every eddy in the flow. Because turbulence consists of random fluctuation of the various 
flow properties statistical approach is used. Reynolds (1895) introduced a procedure in 
which all quantities are expressed as the sum of mean and fluctuating parts. The time-
averaged property of the flow provides equations governing mean-flow quantities φ  to a 
greater extend. 
The time-averaged Navier-Stokes equations of motion for steady, two-
dimensional, flow in a vertical channel can be written as Fedorov and Viskanta (1997) 
3.1.2 Conservation of mass (Continuity): 
( ) ( ) 0=∂∂+∂∂ yvxu ρρ  (3.2)
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( ) ( ) ( ) ( )
x
k
y
u
yx
u
xx
pvu
y
uu
x tt ∂
∂−


∂
∂+∂
∂+


∂
∂+∂
∂+∂
∂−=∂
∂+∂
∂ ρµµµµρρ
3
2
 (3.3)
 
3.1.4 Conservation of y-momentum: 
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3.1.5 Conservation of energy equation: 
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In equation (3.3)-(3.5), tµ is the turbulent dynamic viscosity that is to be predicted 
from the knowledge of the kinetic energy of turbulence, k , and turbulent kinetic energy 
dissipation rate, ε . Note that in the above formulation, the governing equations are 
solved for incompressible flow with Boussinesq approximation. 
The above governing equations are time averaged, however, they no longer form 
a closed set due to the additional terms representing the transport of momentum and heat 
of the fluctuating motion. Equations governing these fluctuating motions introduce 
additional unknown quantities and can only be solved when the turbulence correlations 
are used. 
3.2 Turbulence Modeling 
Different turbulence models are used to predict the natural convection heat 
transfer through vertical parallel plate channels. One of the widely used models of 
turbulence is the ε−k  model. The following represents the main equations in that model 
Rodi (1984) 
Turbulent viscosity equation 
 



= ερµ µµ
2kfCt  (3.6)
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Turbulence kinetic energy (k-equation) 
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Turbulence dissipation (ε-equation) 
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In the k and ε equation (3.7 and 3.8), first two terms in this equation represent 
transport of kinetic energy of fluctuation or dissipation rate of kinetic energy by 
convection. Third and fourth terms represent transport of these quantities by diffusion 
Ince and Launder (1989). kG  represents the rate of generation of turbulent kinetic energy 
due to mean velocity gradients, 
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ρε  its destruction rate and Gb is generation of turbulent kinetic due to buoyancy 
given by 
it
t
ib x
TgG ∂
∂=
Pr
µβ  (3.10)
In addition there are some extra terms, denoted by D in k-equation and E in ε-
equation to account for near wall behavior. 1f and 2f are wall damping functions Launder 
and Spalding (1972) in ε-equation. 
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3.3 Wall Function and Near Wall Model 
The natural convection flow through vertical parallel plate channels is 
characterized by large velocity and temperature gradients near the wall. In that region, a 
special numerical code must be used in order to obtain reasonable accuracy. There are 
two approaches to model the near-wall region. In one approach, the viscosity-affected, 
inner region (viscous sublayer and buffer layer) is not resolved. Instead, semi-empirical 
formulas called “wall function’ are used to bridge the viscosity-affected region between 
the wall and the fully-turbulent region. The use of the wall function obviates the need to 
modify the turbulence models to account for the presence of the wall. In the second 
approach, the turbulence models are modified to enable the viscosity- affected region to 
be resolved with a mesh that extends all the way to the wall, including the viscous 
sublayer. This is termed as ‘near wall modeling”. 
3.4 Model-1: The Standard ε−k  Turbulence Model 
The turbulent viscosity ( tµ ) in equations (3.3-3.5) has been defined using the 
two-equation ε−k  model of turbulence. The model constant and wall function (damping 
function) are listed in table (3.1). It can be seen that the wall damping function µf , 1f  and 
2f  in equation (3.8)  are unity and the wall roughness parameter 8.9=E  for a smooth 
wall Schlichting (1979). The near-wall value of the term D in k-equation (3.7) is zero. 
Since, the standard ε−k  turbulence model is not applicable in the viscosity-affected 
inner region (viscous sublayer and buffer layer), a semi-empirical formula (wall 
functions) is used to bridge the viscous region between the wall and the fully-turbulent 
layer. The law of the wall can be expressed as Rodi (1984) 
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( )++ Ε== y
u
uu ln1κτ  (3.11)
 
where τu  is the friction velocity, 
+y  represents the dimensionless distance from the wall. 
The defining equation of τu  and 
+y  can be written as 
ρ
τ
τ
wu =  (3.12)
 
µ
ρ τuyy =+  (3.13)
 
where 
κ  is the von Karman constant and its value is 0.4 (Launder and Spalding, 1974). 
wτ  is the shear stress at the wall. 
E is roughness parameter  
y is the actual distance from the wall. 
3.5 Model-2: Low Re ε−k  Turbulence Model 2. 
This turbulence model has same equation for Turbulence kinetic energy and its 
dissipation energy equation (3.7 and 3.8) as the standard ε−k  turbulence model but 
modifications are applied to enable it to cope with low Reynolds number flows. The wall 
damping function is applied to ensure that viscous stresses take over from turbulent 
Reynolds stresses at low Reynolds numbers and in the viscous sub-layer adjacent to solid 
walls Launder and Sharma (1974). These functions are themselves functions of the 
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turbulence Reynolds number ( tR ) with extra term D and E in equation 3.7 and 3.8 as 
shown in table 3.1. The turbulence Reynolds number is defined as 
εv
kRt
2
=  (3.14)
 
3.6 Model-3: Low Re ε−k Turbulence Model 3. 
This turbulence model has an equation for turbulence viscosity and transport 
equations for k and ε  (3.6-3.8) same as in the standard ε−k  turbulence model. But it 
eliminates singularity that would appear if the standard ε−k model is applied down to 
the wall because of vanishing k at the wall. As the wall is approached, both the turbulence 
length scale and turbulent velocity approach zero Yang and Shih (1993). However, the 
ratio of these quantities approaches a nonzero value which is order of y. The wall 
damping function µf  is expressed in the form Yang and Shih (1993). 
v
ykRy
21
=  (3.15)
 ( )[ ]55331exp1 yyy RaRaRaf −−−−=µ  (3.16)
 
where a1 = 1.5x10-4, a3 = 5.0x10-7 and 
 a5 = 1.0x10-10  
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3.7 Model-4: The Renormalization Group (RNG) ε−k Turbulence 
Model. 
The RNG ε−k turbulence model is derived from the instantaneous Navier-Stokes 
equations, using a mathematical technique called “renormalization group method” 
(RNG). The resulting model has constants different from those in the standard ε−k  
model and additional terms and function in the transport equations for k andε  (Yakoth 
and Steven, 1986). These equations are the same as equations (3.7) and (3.8) with the 
only difference in the diffusion term where this model uses effµαφ  in place of 


 +
φσ
µµ t . 
As well an additional term R in the ε -equation is incorporated and is defined as 
( )
k
C
R o
3
3
3
1
1 ε
βη
ηηρηµ
+
−=  (3.17)
 
where φα is the diffusivity of transport property, εη kS≡ , S is the modulus of the mean 
rate of strain tensor, 38.4=oη , 012.0=β  Choudhury (1993). 
A comparison between the four ε−k  turbulence models is detailed in Table 3.1. 
All the four ε−k  turbulence models differ from their basic version by the inclusion of 
the viscous diffusion terms and damping functions f to modify the constant C. Also, extra 
terms denoted by D and E, are added in some cases to better represent the near-wall 
behavior.
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Table 3.1: Comparison of different Turbulence Model constants, damping functions and 
extra terms 
Model D  CBw .−ε µC  1εC  2εC  3εC  kσ  εσ  
Standard 
ε−k  
 
0 
Wall 
function 
 
0.09 
 
1.44 
 
1.92 
 
1.0 
 
1.0 
 
1.3 
Low-Re-
ε−k -
M2 
(Launder-
Sharma) 




∂
∂
y
k )2/1(2ν
 
0 0.09 1.44 1.92 1.0 1.0 1.3 
Low-Re-
ε−k -
M3 
(Yang-
Shih) 




∂
∂
y
k )2/1(2ν
 
0 0.09 1.44 1.92 1.0 1.0 1.3 
RNG 0 Wall function 0.0845 1.42 1.68 1.0 1.0 1.2 
 
Model µf  1f  2f  E  
 
Standard ε−k  
 
1.0 1.0 1.0 9.8 
Low-Re- ε−k -M2 
(Launder- 
Sharma) 
 
exp ( ) 


+
−
250/1
4.3
TR  
1.0 ( )2exp3.01 TR−−  
 
2
2
2
2 



∂
∂
y
u
tµµ  
Low-Re- ε−k -M3 
(Yang- 
Shih) 















−
−
−
−
5
5
3
3
1
exp1
y
y
y
Ra
Ra
Ra
 
1.0 1.0 
 
2
2
2
2 



∂
∂
y
u
tµµ  
RNG 1.0 1.0 1.0 R  
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3.8 Model-5-The Reynolds Stress Model (RSM). 
The Reynolds stress model involves calculation of the individual Reynolds 
stresses, '' jiuu  through solving their differential transport equations. The individual 
Reynolds stresses are then used to obtain closure of the Reynolds-averaged momentum 
equation (Launder et al. 1975). The model equations for the transport of the Reynolds 
stresses '' jiuuρ  may be written as follows. 
ijijijij
L
ij
T
ijij GPDDC εϕ +++++=  (3.18)
 
where 
( )jii
k
ij uuux
C ρ∂
∂=   is the convection term, (3.18a)
 




∂
∂
∂
∂−=
k
ji
k
t
k
T
ij x
uu
x
D σ
µ
 is the turbulent diffusion term, (3.18b)
 
( )


∂
∂
∂
∂= ji
kk
L
ij uuxx
D µ  
 
is molecular diffusion term, (3.18c)
 




∂
∂+



∂
∂=
k
i
kj
k
j
jiij x
Uuu
x
U
uuP  is stress production term, (3.18d)
 




∂
∂+∂
∂=
i
j
j
i
t
t
ij x
Tg
x
TgG
Pr
µβ
 
 
is the buoyancy production 
term, 
(3.18e)
 
w
ijijijij φφφφ ++= 2,1,  is the pressure Strain term, (3.18f)
 


 −−= kuu
k
C ijjiij δερφ 3
2
11,
 
is the slow pressure strain 
term, 
(3.18g)
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( ) [ ] −+−−++−= kkkkkkijijijijijij CGPCGFPC δφ 3122,
k=1,2,3 
is the rapid pressure strain 
term,                              (3.18h) 
 
dC
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2
3
2
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

 −−+


 −−=
is the wall reflection term, 
                                   (3.18i) 
 
nk is the xk component of the unit normal to the wall, k
C
Cl
4/3
µ= , d is the normal distance 
to the wall. 
 
k
j
k
i
ij x
u
x
u
∂
∂
∂
∂−= µε 2
 
is the dissipation 
term. 
(3.18j)
 
 
 
Model-6-Modified Reynolds Stress Model (Modified RSM) 
 
 
The model constant µCCCCCC l ,,,,,
'
2
'
121  and κ  are given in the table 3.2 for 
both Reynolds stress  model and modified Reynolds stress model. Modification of linear 
pressure strain ( )ijφ  term will account for the low Reynolds number turbulence Launder 
and Shima (1989) which occurs in natural convection heat transfer in vertical parallel 
plate channels. 
  
 
 
 
 
 
 
Table 3.2: RSM Turbulence Model constants for both general RSM and Low Reynolds number Modified RSM. 
Model 1C  2C  
'
1C  
'
2C  lC  µC  κ  
RSM 1.8 0.6 0.5 0.3 
k
C 4/3µ  0.09 0.41
RSM 
(Low-Re 
Modification) ( )[ ]{ }2Re0067.0exp1
58.21
t
AA
−−
+
 
A75.0  67.13
2
1 +− C
 






 −
0,6
1
3
2
max
2
2
C
C
 
k
C 4/3µ  0.09 0.41
where µε
ρ 2Re kt = , ( )[ ]32791 AAA −−≡ , kiik aaA ≡2 , jikjik aaaA ≡3  and ija is the anisotropic part of the Reynolds stress tensor, define 
as 
 



 +−−=
k
kuu
a ijiij ρ
δρρ 32
 
(3.19)
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3.9 Problem Statement and Boundary Conditions 
3.9.1 Problem Statement 
The problem considered is depicted schematically in Figure 3.1 and refers to the 
two-dimensional flow in a vertical parallel-plate channel with length ‘L’, and distance 
between the plates ‘b’. The plates are either kept at constant temperature or subjected to 
constant heat flux condition. The inlet and exit section of the channel are open to the 
ambient. The Cartesian coordinate system is chosen and the origin is shown in Figure. 
The present study considers steady-state, turbulent, incompressible, two-
dimensional natural convection flow of air in the vertical parallel-plate channel. All the 
thermophysical properties are assumed to be constants, except for the density in the 
buoyancy force term which can be adequately modeled by Boussinesq approximation 
(Jaluria, 1980). The compression work, viscous dissipation and radiative transport are all 
neglected. The particular form of the general transport equations which govern the 
process of natural convection are presented in equation (3.2-3.5). 
3.9.2 Boundary Conditions 
On each of the computational domain boundaries, conditions are required to solve 
the differential equations. Generally there are four types of boundaries in this problem, 
namely, the inlet section, the outlet section, the solid walls and the axis of symmetry. 
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Figure 3.1: Vertical parallel-plate channel 
Boundary Condition at the walls 
A no slip boundary condition is imposed on the velocity components at the walls. 
0=iu , for Ly ≤≤0 , 0=x  and bx =  
Turbulence kinetic energy vanishes at the wall, 
0=k , for Ly ≤≤0 , 0=x  and bx =  
In this work, either uniform heat flux or uniform temperature boundary condition 
is imposed at the heated walls and accordingly, 
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specifiedgradienteTemperatur
or
etemperaturspecifiedT =
 
Inlet Condition 
At the inlet section of the channel, the pressure is set equal to ambient pressure 
and the temperature is set equal to the ambient temperature, 
etemperaturAmbientT
pressureAmbientP
i
i
=
=
,    at 0=y  
Outlet Condition 
At the outlet section of the channel, the pressure is set equal to ambient pressure. 
pressureAmbientPo = ,    at Ly =  
Axis of Symmetry 
Here the derivative of the variables (velocity, temperature, kinetic energy and its 
dissipation) is set equal to zero. 
00,0,0 =∂
∂=∂
∂=∂
∂=∂
∂
x
and
x
k
x
T
x
ui ε
 (3.20)
 
3.10 Heat Transfer Parameters 
3.10.1 Surface Heat Transfer Coefficient 
The local heat transfer from the heated wall to the air stream depends on the 
temperature gradient at the wall. The convective heat flux from the wall to the air stream 
can be expressed in terms of the local heat transfer coefficient ( )yh  as: 
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( )refw wy TT
qh −=
"
, at bxandx == 0  (3.23)
 
where "wq  represents the wall heat flux. 
3.10.2 Heat flux at the wall 
In natural convection through the channel flow becomes turbulent at low 
Reynolds numbers. The equation to be used for calculating the wall heat flux depends on 
the thickness of the viscous sublayer. In case if the viscous layer thickness +y  is less than 
+
Ty  ( 63.11=+Ty ), equation (3.21) is used. However, if ++ > Tyy , equation (3.22) is used 
(Versteeg and Malalasekera, 1995). 
 ( )[ ]PU kCCTTq pppww +−= +Pr"
2
1
4
1
µρ
              ( ++ > Tyy ) (3.21)
 ( )
+
−=
y
kCCTT
q pppww Pr
"
2
1
4
1
µρ
              ( ++ < Tyy ) (3.22)
where +U  is defined in equation 3.11, P is a correction function dependent on the ratio of 
laminar to turbulent Prandtl number (Launder and Spalding, 1974) 
 
3.10.3 Local Nusselt Number 
For the purpose of generalizing the heat transfer results, the local Nusselt number 
along the heated wall is defined as  
k
lh
Nu refyy =  (3.24)
Hear refl  = b (width of the channel).
 40 
 
Chapter 4 
Numerical Solution 
4.1 Introduction 
Numerical methods are useful for solving fluid dynamics, heat and mass transfer 
problems and other partial-differential equations of mathematical physics when these 
cannot be handled by exact analysis due to nonlinearities, complex geometries and 
complicated boundary conditions. The development of high-speed computers 
significantly enhanced the use of numerical methods in various branches of science and 
engineering. Many complicated problems can now be solved at very little cost and in a 
very short time with the available computing power. 
A numerical solution of a differential equation consists of a set of numbers from 
which the distribution of the dependent variable, φ , can be constructed. A numerical 
method treats as its basic unknowns the values of the dependent variable at a finite 
number of locations called the grid points in the computational domain. The method 
includes the tasks of formulating algebraic equation for these unknowns and prescribing 
an algorithm for solving these equations. These numerical methods can be categorized 
into: 
1. Finite-difference method. 
2. Finite-element method. 
3. Finite-volume method. 
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4. Boundary-element method. 
There are many distinct streams of numerical solution techniques. The main 
difference between the streams is associated with the way in which the flow variables are 
approximated and with the discretization processes. 
4.2 Discretization 
The discretization process is essentially an exercise of engineering judgment. The 
number, shape, size and configuration of the discrete volumes (control volumes) must be 
in such a way that the original body is simulated as close as possible. The general 
objective of such a discretization is to divide the body into finite control volumes 
sufficiently small so that the simple models can adequately approximate the true solution. 
At the same time, one must remember that too fine a subdivision leads to extra 
computational effort. 
For a given differential equation, the discretization equations can be derived in 
many ways as follows: 
4.2.1  Taylor Series Formulation 
The usual procedure for deriving finite-difference equations consists of 
approximating the derivatives in the differential equations via a truncated Taylor series. 
This is explained in detail by Lapidus and Pinder (1982). 
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4.2.2 Variational Formulation 
The discritization equation in this method is based on the calculus of variations. 
The calculus of variations shows that solving certain differential equations is equivalent 
to minimizing a related quantity called the functional. This equivalence is known as a 
variational principle. If the function is minimized with respect to the grid point values of 
the dependent variable, the resulting conditions give the required discretization equations. 
This method is discussed by Desal and Abel (2000). 
4.2.3 Method of Weighted Residuals 
A powerful method for solving differential equations is the method of weighted 
residuals described in detail by Finalayson (1972). 
4.2.4 Finite Volume Formulation 
This discretization technique is used in the present numerical calculations. In this 
discretization technique, the solution domain is divided into a number of nonoverlapping 
control volumes such that there is one control volume surrounding each grid point. The 
differential equation is integrated over each control volume to yield the discretization 
equation. Thus, the discretization equation represents the same conservation principle 
over a finite region as the differential equation over an infinitesimal region. This direct 
interpretation of the discretization equation makes the method easy to understand in 
physical terms; the coefficients in the equation can be identified, even when they appear 
in a computer program, as familiar quantities such as flow rate, conductance, areas, 
volumes, diffusivities, etc. The control volume approach can be regarded as a special case 
of the method weighted residuals Patankar (1980) in which the weighted function is 
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chosen to be unity over a control volume and zero everywhere else. Although the main 
reasons for choosing the control volume formulation are its simplicity and easy physical 
interpretation, the formulation has also been shown, for a limited set of test problems, to 
be more accurate than the Galerkin method Patankar (1980) which is a more popular 
weighted residual technique. 
4.3 Discretization of the Governing Transport Equations 
Discretization of the governing equations can be illustrated most easily by considering 
the steady-state conservation equation for transport of a scalar quantity φ . This is 
demonstrated by the following equation written in integral form for an arbitrary control 
volume V as follows 
∫ ∫∫ +⋅∇Γ=⋅ V dVSdAdAv φφ φρφ  (4.1)
 
where ρ  is the density, v  is the velocity vector ( jviu ˆˆ + ), A is the surface area vector, 
φΓ  is the diffusion coefficient for φ , φS  is the source of φ  per unit volume and φ∇  is 
given by 
φ∇ jyix ˆˆ 

 ∂∂+

 ∂∂= φφ  (4.2)
 
The above equation is applied to each control volume or cell in the computation 
domain. The two-dimensional cell shown in the Figure 4.1 is an example of such a 
control volume. Discretization of the above equation (4.1) for a steady state convection-
diffusion equation for the transport of general property φ  is given by 
( ) ( ) φφφρ Sgradu +Γ⋅∇=⋅∇  (4.3)
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The integration over a control volume gives 
 
 
( ) ( )∫ ∫∫ +Γ⋅=⋅
CA CVCA
dVSdAgradndAun φφρφ  (4.4)
 
This equation represents the flux balance in a control volume. The principal problem in 
the discretisation of the convection terms is the calculation of the value of transported 
property φ  at the control volume faces and its convective flux across these boundaries. 
Applying the divergence theorem to the above equation, we get 
( ) ( ) S
yyxx
v
y
u
x
+



∂
∂Γ∂
∂+


∂
∂Γ∂
∂=∂
∂+∂
∂ φφφρφρ        (4.5) 
A portion of the two dimensional grid used for the discretisation is shown Figure 4.1 
y∆
x∆
 
Figure 4.1: A part of the two-dimensional control volume grid. 
 
  
45
4.3.1 Domain Discretization 
The first step in the finite volume method is to divide the domain into discrete 
control volumes. The boundary of control volumes are positioned mid way between 
adjacent nodes. Thus, each node is surrounded by a control volume or cell. It is common 
practice to set up control volumes near the edge of the domain in such a way that the 
physical boundaries coincide with the control volume boundaries. 
A general nodal point is identified by ‘P’ and its neighbors in two-dimensional 
geometry. The nodes of the west and east are identified by ‘W’ and ‘E’ and the nodes of 
the north and south by ‘N’ and ‘S’ respectively. The west side face of the control volume 
is referred to by ‘w’ and other corresponding faces on east, north and south of the control 
volume by ‘e’, ‘n’, ‘s’ respectively. The distance between the nodes W and P is identified 
by WPxδ  and between face w and P by wPxδ . Similarly, the other distances are 
computed. The widths of the control volume is given by wexx δ=∆ and nsyy δ=∆ . 
The key step of the finite volume method is the integration of the governing 
equation (or equations) over a control volume to yield a discretized equation at its nodal 
point P. For the above defined control volume this integration gives, 
( ) ( )
∫∫
∫∫∫
∆∆
∆∆∆
+



∂
∂Γ∂
∂
+


∂
∂Γ∂
∂=∂
∂+∂
∂
VV
VVV
dVSdydx
yy
dydx
xx
dydxv
y
dydxu
x
φ
φ
φφρφρ
.
...
       (4.6) 
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So, noting that Ae=Aw=∆y and An=As=∆x, we obtain 
( ) ( )[ ] ( ) ( )[ ]
VS
x
A
x
A
x
A
x
AvAvAuAuA
sn
we
snwe
∆+

 


∂
∂Γ−


∂
∂Γ
+

 


∂
∂Γ−


∂
∂Γ=−+−
φφ
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      (4.7) 
The flow must also satisfy continuity and accordingly, 
( ) ( ) 0=∂
∂+∂
∂
y
v
x
u ρρ          (4.8) 
and its integration over the control volume gives  
( ) ( )[ ] ( ) ( )[ ] 0=−+− snwe vAvAuAuA ρρρρ        (4.9) 
 
The nonlinearity of the source term can be removed by representing it in a linear 
form. 
Ppu SSVS φ+=∆        (4.10) 
Using linear central differencing approximation we can write expressions for the 
flux through the control volume faces as: 
Flux across the west face = ( )
WP
WP
ww
w
ww x
A
x
A δ
φφφ −Γ=∂
∂Γ      (4.11) 
Similar expressions can be written for flux through other faces. 
To obtain discretized equations for the convection / diffusion problem we must 
approximate the terms in above equation 4.7. It is convenient to define two variables F 
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and D to represent the convective mass flux per unit area and diffusion conductance at 
cell faces: uF ρ=  and 
x
D δ
Γ= . 
The cell face values of the variables F, D and Pe can be written as 
( )ww uF ρ= , 
WP
w
w x
D δ
Γ= .and 
W
W
W D
FP =      (4.12) 
For the convective terms for a uniform grid, we can write the cell face values of 
property φ  as 2EPe φφφ −=  and similarly for other face values. 
The general discretized equation form for interior nodes reduces to 
uSSNNEEWWPP Saaaaa ++++= φφφφφ      (4.13) 
and from conservation equation we have ( ) ( ) 0FFFF SNWE =−+−  
where     ( )  0FPADa WWWW ,+=  
    ( )  0FPADa EEEE ,−+=  
    ( )  0FPADa SSSS ,+=  
    ( )  0FPADa NNNN ,−+=  
and     ASaaaaa PNSEWP −+++=  
The value of ( )PA  for the upwind scheme is 1.0 Patankar (1980). 
In the present work, the first and second order upwind schemes have been used. 
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4.3.2 First-Order Upwind Scheme  
In the first-order upwind scheme, quantities at cell faces are determined by 
assuming that the cell-center values of any field variable represent a cell-average value 
and hold throughout the entire cell; the face quantities are identical to the cell quantities. 
Thus in first-order upwinding, the face value fφ is set equal to the cell-center value of 
φ in the upstream cell. 
4.3.3 Second-Order Upwind Scheme  
In second-order upwind scheme, quantities at cell faces are computed using a 
multidimensional linear reconstruction approach Barth and Jespersen (1989). In this 
approach, higher-order accuracy is achieved at cell faces through a Taylor series 
expansion of the cell-centered solution about the cell centroid. Thus, when second-order 
upwinding is selected, the face value fφ  is computed using the following expression: 
sf ∆⋅∇+= φφφ        (4.14) 
where φ and φ∇ are the cell-centered value and its gradient in the upstream cell, and 
s∆ is the displacement vector from the upstream cell centroid to the face centroid. This 
formulation requires the determination of the gradient φ∇  in each cell. This is computed 
using the divergence theorem, which in discrete form can be written as  
A
V
1 facesN
f
f∑=∇ φφ ~        (4.15) 
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Here the face values fφ~  are computed by averaging φ  from the two cells adjacent to the 
face. Finally, the gradient φ∇  is limited so that no new maxima or minima are 
introduced.  
4.4 Solution Procedure 
4.4.1 Grid Generation 
A non-uniform grid arrangement is used for numerical simulation of natural 
convection heat transfer and fluid flow in vertical parallel plate channel and is shown in 
Figure 4.2. A finer grid is constructed near the wall because of the large velocity and 
temperature gradients in that region. 
 
 
 
Figure 4.2: Finite Volume mesh in the channel with boundary-layer flow regions at both 
walls. 
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4.4.2 Solution Algorithms for Pressure-Velocity Coupling 
If the pressure field, which appears as a major part of the source term, is unknown 
then equation (4.13) applied at all the nodal points yields a set of algebraic equations but 
the resulting velocity field may not satisfy the continuity equation. The problems of 
determining the pressure and satisfying continuity are overcome by adjusting the pressure 
field using pressure-velocity coupling. In the present study the SIMPLE algorithm 
Patankar and Spalding (1972) is used for the pressure-velocity coupling. The acronym 
SIMPLE stands for Semi-Implicit Method for Pressure-Linked Equations. In this 
algorithm, the pressure field p*  is first assumed. The discretized momentum equations 
are then solved using the assumed pressure field to yield velocity components *u  and 
*v . Now the correction, 'p , defined as the difference between the correct pressure field 
p  and the assumed pressure field *p , is calculated and a better approximation of the 
pressure field can be obtained using '* ppp += . Similarly, the velocity components are 
corrected by adding the increments 'u  and 'v  to the assumed velocity components *u  
and *v . The whole process of the SIMPLE algorithm is explained in the flow diagram 
given in Figure 4.3. 
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Figure 4.3: The SIMPLE Algorithm 
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4.4.3 The Calculation Procedure 
In this procedure, the governing equations are solved sequentially (i.e., segregated 
from one another). Since the equations are non-linear (and coupled), several iterations of 
the solution loop must be performed before a converged solution is obtained. Each 
iteration consists of the steps illustrated in Figure 4.4 and is outlined below: 
1. Fluid properties are updated, based on the current values of pressure and 
temperature. (If the calculation has just begun the fluid properties will be updated 
based on the initial values). 
2. The u and v momentum equations are solved in turn using current values for 
pressure and face mass fluxes in order to update the velocity field. 
3. Since the velocities obtained in Step 2 may not satisfy the continuity equation, a 
“Poisson-type” equation for the pressure correction is used. This satisfies the 
continuity equation (SIMPLE Algorithm) and the linearized momentum 
equations. The pressure correction equation is solved and resulting pressure and 
velocity fields are obtained. 
4. Equations for scalars such as energy, turbulence kinetic energy and its dissipation 
rate are solved using the previously updated values of these variables. 
5. A check for convergence of the equation set is made. 
These steps are continued until the convergence criteria are met. 
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Figure 4.4: Overall view of solution Algorithm 
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4.4.4 Convergence Criterion 
The use of an iterative solution method necessitates the definition of a convergence and 
stopping criteria to terminate the iteration process. The measure of convergence is a norm 
on the change in the solution vector between successive iterations. The iterative 
algorithm is terminated after a fixed number of iterations if the convergence has not been 
achieved. This criteria is used to prevent slowly convergent or divergent problems from 
wasting computation time. Convergence in this present study is defined to have been 
obtained after all the following criteria are achieved. 
Changes in the x - and y - velocity component are less than   1x10-6 
Changes in the energy is less than       1x10-6 
Change in the turbulence kinetic energy is less than     1x10-6 
Change in the turbulence dissipation rate is less than   1x10-6 
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Chapter 5 
Results and Discussions 
The heat transfer and fluid flow characteristics of natural convection in a Vertical 
Parallel-plate channel are studied for both laminar and turbulent regimes. A non-uniform 
grid with high refinement near the walls is used to increase the accuracy of the 
computational result in the proximity of walls. The details of the flow and thermal fields 
are obtained from the solution of the conservation equation of mass, momentum and 
energy in addition to equation of the low Reynolds number turbulence model. In this 
study different turbulence models are analyzed to simulate the complex flow structure of 
natural convection heat transfer through vertical parallel plates. 
5.1 Validation of the Computational Scheme 
For the validation of the present computational method, the computational results 
of some selected cases were compared with the experimental results of Wirtz and Haag 
(1985), La Pica et al. (1993) and Miyamoto et al. (1986) and the numerical results of 
Naylor et al. (1991), Fedorov and Viskanta (1997). The above selected cases cover both 
laminar and turbulent regimes and the details are as follows: 
a) Laminar flow in a vertical parallel-plate channel with symmetrically heated 
isothermal surfaces, with Ra = 74.64, channel aspect ratio L/b = 26.25, Pr = 
0.707. The experimental results were reported by Wirtz and Haag (1985). 
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b) Laminar flow in a vertical parallel-plate channel with symmetrically heated 
isothermal surfaces with Ra = 74.64, channel aspect ratio, L/b = 24, Pr = 0.707. 
The numerical results were reported by Naylor et al. (1991). 
c) Laminar flow in vertical parallel-plate channel with symmetrically heated 
isothermal surfaces with Ra = 7000, channel aspect ratio, L/b = 24, Pr = 0.707. 
The numerical results were reported by Naylor et al. (1991). 
d) Turbulent flow in vertical parallel-plate channel with asymmetrically heat isoflux 
surfaces with channel aspect ratio, L/b = 20.83 and heat flux range 144 to 240 
W/m2. The experimental results were reported by La Pica et al. (1993). 
e) Turbulent flow in vertical parallel-plate channel with asymmetrically heat isoflux 
surfaces with channel aspect ratio, L/b = 50 and surface heat flux 104 and 208 
W/m2. The experimental results were reported by Miyamoto et al. (1986). 
f) Turbulent flow in vertical parallel-plate channels with asymmetrically heat 
isothermal surfaces for a range of Rayleigh number 104 to 106. The numerical 
results were reported by Fedorov and Viskanta (1997). 
g) Turbulent flow in vertical parallel-plate channels with asymmetrically heat 
isothermal surfaces with one surface heat 10OC above ambient and other surface 
10OC below ambient for a channel aspect ratio, L/b = 3.125. The experimental 
results were reported by Habib et al. (2002). 
5.1.1 Comparison of Laminar flows 
Comparison of present calculation with the experimental local Nusselt number 
distribution measured in air by Wirtz and Haag (1985) and the numerical results by 
Naylor et al. (1991) is shown in Figure 5.1. Present calculations of the local Nusselt 
  
57
number are closer to the experimental values than the numerical values obtained by 
Naylor et al. (1991). The experiments by Wirtz and Haag (1985) were performed in air as 
the working medium with channel aspect ratio, L/b = 26.25, and Rayleigh number of 
74.64. The numerical study by Naylor et al. (1991) was done with the channel aspect 
ratio, L/b = 24, and Ra = 74.64. To verify the accuracy of the present numerical code, the 
present calculations are carried out for a channel with aspect ratio, L/b = 24 and Ra = 
74.64. As can be seen in Figure 5.1, the results of the present study show a better 
agreement with the experimental results of Wirtz and Haag (1985) than the numerical 
results of Naylor et al. (1991). The difference with the experimental results might be due 
to the difference in the channel aspect ratio.  
Figure 5.2 shows a comparison between the obtained average Nusselt number and 
that reported by Naylor et al. (1991) for Rayleigh number ranging from 1 to 1000 
(laminar regime). The present results are about 20% higher that those predicted by Naylor 
et al. (1991) and that makes our results closer to the experimental measurements carried 
out by Wirtz and Haag (1985) as indicated in Figure 5.1. 
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Figure 5.1: Comparison of local Nusselt number with previous laminar flow experimental 
and numerical data for L/b = 24, Ra = 74.64. (Nusselt number based on half 
channel width) 
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Figure 5.2: Comparison of average Nusselt number for laminar natural convection flow 
in vertical parallel plate channel
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5.1.2 Comparison of Turbulent flows 
The second comparison was carried out for the case of turbulent natural 
convection in a parallel-plate channel of aspect ratio, L/b = 20.8 for modified Rayleigh 
numbers ranging from 3x106 to 7x106. The obtained results are compared with the 
experimental findings of La Pica et al. (1993) and the numerical results reported by 
Fedorov and Viskanta (1997). The present calculations were carried out using the low 
Reynolds number ε−k  M3 model. Figure 5.3 shows the calculated average Nusselt 
number as function of modified Rayleigh number (Rayleigh number based on channel 
width multiplied by the inverse of channel aspect ratio). The figure also shows the 
experimental data of La Pica et al. (1993). It is clear from the figure that the difference 
between Nu  obtained using the Low Re ε−k  M3 model and the experimental values 
reported by La Pica et al. (1993) is very small up to Rab(b/L) = 5x106. However, that 
difference increased as the modified Rayleigh number increased to 6x106. The maximum 
difference of Nu  in the entire range of the modified Rayleigh number did not exceed 7%. 
Figure 5.4 shows a comparison of average Nusselt number with the numerical 
work by Fedorov and Viskanta (1997). The Nusselt number was based on double the 
channel width. The average Nusselt number predicted in present calculation is higher 
then the numerical results by Fedorov and Viskanta (1997). It is worth mentioning that 
Fedorov and Viskanta (1997) results were not validated against any experimental data. 
Since the present calculations are close to experimental data as shown in Figure 5.3, it 
can be concluded that the present prediction will be close to experimental values. 
 
 
  
61
 
 
 
 
7.0x1066.0x1065.0x1064.0x1063.0x106
Rab(b/L)
10
100
20
50
 Nu
Present Results
Experimental
[La Pica et al., 1993]
 
 
Figure 5.3: Comparison of average Nusselt number obtained by present selected 
turbulence model with experimental data of La pica et al. (1993) for a channel 
aspect L/b = 20.8. 
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Figure 5.4: Comparison of average Nusselt number with numerical work by Fedorov and 
Viskanta (1997) with Nusselt number based on double the channel width. 
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5.1.3 Grid Independence Test 
A grid independence test was carried out to make sure that the grid size does not 
affect the computational results. Computations were carried out using four different grid 
sizes: 25 x 100, 50 x 100, 50 x 200 and 100 x 300 grid points. Figure 5.5 shows the 
vertical velocity profile at the height y = 3865 mm from the channel inlet section in 
vertical parallel plate channel for all different grid sizes. As can be seen that the 
difference in results obtained using 50 x 100, 50 x 200 and 100 x 300 grid size is very 
small. Therefore in this study a grid size of 50 x 200 is used in order to utilize the 
computation time efficiently without compromising the accuracy of results. 
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Figure 5.5: Vertical velocity distribution at the section y/L = 0.77 in the vertical parallel-
plate channel for "wq  = 208 W/m
2 and b = 0.1m. 
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5.2 Comparison of different Turbulence Models 
In this study, six different turbulence models have been studied to predict the low 
Reynolds number turbulence which occurs in natural convection problem. To validate the 
exact turbulence model, velocity and temperature profiles at three different sections of 
the vertical parallel-plate channel are compared with existing work reported in the 
literature by Miyamoto et al. (1986) and Habib et al. (2002). 
5.2.1 Comparison with Miyamoto et al. (1986) 
5.2.1.1. Description of the experiment 
Experimental data has been reported by Miyamoto et al. (1986) on turbulent 
natural convection flow and heat transfer in an asymmetrically heated vertical channel. 
The channel was formed by two vertical parallel plates. One plate was heated by 
imposing a uniform heat flux along the plate and the opposite plate was adiabatic. The 
two plates were 4980 mm height and 950 mm width. The channel was open at both 
bottom and top and was installed in a laboratory room of height 6107 mm. Experiments 
were performed with channel widths of 50, 100 and 200 mm, and local velocity and 
temperature profile at three different sections of channel were reported along with the 
local heat transfer coefficients and temperature distribution on the heated wall. The 
experimental data reported is used to check the validity and appropriateness of the 
turbulent, two-dimensional flow and heat transfer model. 
5.2.1.2. Comparison with Uniform Inlet Pressure 
Natural convection flow through the vertical parallel-plate channel becomes 
turbulent at high Rayleigh number (Ra > 105). Turbulence starts in the thin boundary-
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layer along the heated walls of the channel. The velocity and temperature gradients 
within this thin boundary-layer are very large and require the use of many computational 
grid points in the proximity of the wall. Because of buoyant fluid motion arising from 
heat transfer through the vertical walls, the greatest effect of buoyancy occurs very close 
to the wall where viscous effects are appreciable. This renders inapplicable the use of 
local-equilibrium logarithmic velocity and temperature profiles that are normally used to 
simplify the calculation of near-wall flows. Therefore, using the Standard ε−k  model 
with wall functions does not give an accurate solution in that region. This drawback was 
also reported in literature by To and Humphrey (1985), Ince and Launder (1989), Tsuji 
and Nagano (1987) and many others. Hence the Standard ε−k  model was modified and 
named as low Reynolds number ε−k  model by To and Humphrey (1985) and many 
others. In the present study, Reynolds stress model (RSM) and its modification for low 
Reynolds number turbulence near the wall have been also studied. In addition, 
Renormalization Group Analysis of Turbulence (RNG) model is used and the results are 
compared with the experimental results of Miyamoto et al. (1986) in order to choose the 
one that will exhibit a good agreement. Figure 5.6 shows the vertical computational 
domain with ambient pressure and temperature at the inlet section and ambient pressure 
at exit section of the channel. It has been named as Uniform Inlet Pressure. 
Wall Temperature distribution 
Figure 5.7 shows a comparison of theoretically predicted and measured 
(Miyamoto et al., 1986) wall temperature variation along the heated vertical wall for a 
constant heat flux of 104 Wm-2 and a channel width of 0.1 m. As shown in the figure, the 
Standard ε−k  turbulence model, RNG model, RSM model and Low Re ε−k  M2 
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model predict lower temperature along the vertical wall. The modified RSM and Low Re 
ε−k  M3 turbulence model predictions are close up to a channel height of 2 m above 
which their predictions are slightly higher. 
Vertical velocity distribution at different sections 
A comparison between the predicted and measured mean (i.e. time-averaged) 
vertical velocity distribution at three different heights along the channel is given in Figure 
5.8, 5.9 and 5.10. The chosen sections are the ones for which the velocity distributions 
were reported by Miyamoto et al. (1986). 
Figure 5.8 compares the velocity profile at the channel section close to the exit 
(y/L = 0.77). At that section, the Low Reynolds number ε−k  model M3 predictions are 
close to the experimental values near the adiabatic wall. Near the heated wall, their 
predictions are exact in viscous sublayer but in the buffer layer between viscous sublayer 
and turbulent core region, the model is slightly below the experimental values. But these 
underpredictions are less than any other turbulence model except RSM turbulence model. 
The RSM turbulence model does not incorporate the wall turbulence; however, 
the modified RSM model is used to incorporate the wall turbulence. The resulting 
velocity profiles are in good agreement with the experimental profiles but near the heated 
wall (left wall) its predictions is below that obtained by the low Re ε−k M3. All other 
turbulence models studied seem to be underpredicting near the wall and overpredicting in 
the turbulent core region. Similarly, Figure 5.9 (y/L = 0.53) shows that the low Re ε−k  
M3 and modified RSM predictions are close to experimental data. 
  
68
Figure 5.10 shows the velocity profiles at section y/L = 0.16. At this section none 
of the turbulence models considered can predict exactly the mean vertical velocity profile 
as obtained by Miyamoto et al. (1986). This can be attributed to the laminar/turbulent 
transition occurring in that region But if previously discussed section (y/L = 0.77 and 
0.53) are examine it can be concluded that at this section (y/L = 0.16) also low Re ε−k  
M3 model prediction are in good agreement. 
In case when the channel width is considerable, the free convection flow near 
each plate is expected to be similar to that of free convection from a single flat plate. In a 
single flat vertical heated surface, fluid at a far distance is stagnant. The fluid at the 
surface is also stationary due to the no-slip condition. The temperature decreases 
continuously from surface temperature to ambient temperature. Therefore, the maximum 
velocity occurs at some distance away from the vertical surface. Similarly, in a vertical 
channel there is a no-slip condition at both the walls and maximum velocity (or velocity 
hump) occurs close to the heated wall. The exact location and magnitude of .maxV  to be 
determined through analysis. However, as the flow proceeds vertically, the flow gets 
more and more disordered and disturbed, eventually becoming turbulent. The flow region 
between the laminar and the turbulent flow regions is called transition region. The 
location and spread of which is a function of several variables such as surface 
temperature, the nature and magnitude of external disturbances. 
Temperature distribution at different section 
A comparison between the predicted and measured normalized temperature 
distributions in air at the same three vertical locations (y/L = 0.77, 0.53, 0.16) along the 
channel is shown in Figure 5.11, 5.12 and 5.13. At sections (y/L = 0.77 and y/L = 0.53) 
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both modified RSM model and Low Re ε−k  M3 model underpredict whereas all the 
other models overpredict. At the section near the inlet (y/L = 0.16), the low Re ε−k  M3 
model is in close agreement with experimental values. On the other hand, the low Re 
ε−k  M2 model overpredicts at a section y/L = 0.77 near the heated wall and 
underpredicts near the adiabatic wall. From the velocity profiles predicted by the M2 
model at all section, it is clear that all model predictions are consistently lower than the 
experimental values. This raises doubts about the suitability of that model. The numerical 
results are based on the assumption of an adiabatic right wall with no radiation, but 
radiation from the hotter left wall apparently heated the right wall and made it non-
adiabatic. This is clearly indicated by a small rise in the experimental air temperature date 
in the vicinity of the right wall. However, despite these differences the measured and 
predicted temperature profile in air at the hot wall are in very good agreement with each 
other. 
Local Nusselt Number along the heated wall 
Distribution of local Nusselt number along the heat wall is shown in Figure 5.14 
for different turbulence model. The M3 and Modified RSM predictions are lower than all 
other turbulence models. The standard ε−k  Model and RNG ε−k  Turbulence Model 
prediction are the highest. This is due to the fact that a wall function is used to calculate 
velocity and temperature in near wall cells in the standard ε−k  Model, RNG ε−k  
Model and RSM. The first cell where calculations are performed by the model is in the 
turbulent core region and the values in near the wall cells are interpolated using the wall 
function. This approximation is valid for high Reynolds number turbulence but not for 
turbulent natural convection near walls. Therefore, for natural convection near vertical 
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surfaces a modification for this turbulence model is required to incorporate near wall 
turbulence. The low Re ε−k  M3 model has this modification because it applies a wall 
damping function which is of the order of the cell location (distance) from the wall as 
shown in equation 3.15 and 3.16. This clearly gives confidence in the M3 model for 
predicting flow of natural circulation in vertical parallel-plate channels. 
 
 
 
 
 
Figure 5.6: Uniform Pressure Inlet 
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Figure 5.7: Comparison of predicted and measured wall temperature variations along a 
heated vertical wall for "wq  = 104Wm
-2 and b = 0.1m.  
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Figure 5.8: Normalized vertical velocity at section y/L = 0.77 from the channel inlet for 
Uniform pressure inlet condition with "wq  = 208 Wm
-2, b=0.1m and L/b=50. 
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Figure 5.9: Normalized vertical velocity at section y/L = 0.53 from the channel inlet for 
uniform pressure inlet with "wq = 208 Wm
-2, b= 0.1m and L/b=50. 
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Figure 5.10: Normalized vertical velocity at section y/L = 0.16 from the channel inlet for 
Uniform pressure inlet with "wq = 208 Wm
-2, b= 0.1m and L/b=50. 
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Figure 5.11: Normalized temperature at section y/L = 0.77 from the channel inlet for 
Uniform pressure inlet with "wq  = 208 Wm
-2, b= 0.1m and L/b=50. 
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Figure 5.12: Normalized temperature at section y/L = 0.53 from the channel inlet for 
Uniform pressure inlet with "wq = 208 Wm
-2, b= 0.1m and L/b=50. 
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Figure 5.13: Normalized temperature at section y/L = 0.16 from the channel inlet for 
Uniform pressure inlet with "wq  = 208 Wm
-2, b= 0.1m and L/b=50. 
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Figure 5.14: Comparison of local Nusselt number along the heated wall for different 
turbulence model for Uniform pressure inlet with "wq  = 208 Wm
-2, b= 0.1m 
and L/b=50. 
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5.2.1.3. Comparison for Extended Inlet condition  
Comparison of Velocity distribution at different sections 
A comparison between the predicted and measured (Miyamoto et al., 1986) mean 
vertical velocity profiles and temperature profiles at three different heights along the 
channel is given for the second computational domain i.e., for the extended inlet 
condition shown in Figure 5.15. 
Mean vertical velocity profile at section y/L = 0.77 and y/L = 0.53 shown in 
Figure 5.16 and Figure 5.17 clearly indicate that the M3 model predictions agree with the 
experimental data at both heated and adiabatic walls and is close even in the turbulent 
core region. All the other turbulence models results in lower velocities compared to the 
experimental values and totally disagree near the heated wall and also in the turbulent 
core region. Figure 5.18 Shows a comparison of the velocity profiles at y/L = 0.16. It is 
clear from the figure that all models predictions are far from the experimental values 
except for the Low Re ε−k  M3 which gave reasonable agreement with experimental 
values. 
Figures 5.19 and 5.20 show the mean vertical temperature profile at sections y/L 
= 0.77 and 0.53. At these sections, the RSM model seems to be closest to the 
experimental data whereas the modified RSM model predicts higher mean temperatures. 
The predictions of the low Re ε−k  M3 is lower than experimental data. This might be 
due to the difference in flow rate as shown in Table 5.3 for all turbulence models. 
Temperature distribution at different section 
The temperature distributions at a sections y/L = 0.77, 0.53 and 0.16 shown in 
Figures 5.19, 5.20 and5.21 clearly indicate that the Low Re ε−k  M3 gives closer 
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prediction than any other model. At all three sections where experimental values where 
reported, there was a small rise in the air temperature in the vicinity of the right adiabatic 
wall. This clearly indicates radiation from the heated left wall heats the right adiabatic 
wall and makes it non-adiabatic. However, despite these differences the measured and 
predicted temperature gradients in air at the hot wall are in very good agreement with 
each other. This finding is encouraging and suggests that the Low Re ε−k  M3 
turbulence model has the capability to predict local convective heat flux in a vertical 
channel under natural circulation condition. 
The difference in flow rate between the experimental data and the different 
turbulence models using uniform pressure inlet condition (i.e. first computation domain 
shown in Figure 5.6) is given in Table 5.1 It is assumed that 100% of the heat flux is 
convected by the flow. 
Table 5.2 shows the flow rate for the same uniform pressure inlet condition with 
85% of the heat flux is convected by the fluid. This assumption is based on the 
experimental work by Miyamoto et al. (1986) who reported that only 85% of the total 
heat flux was contributing to heat convection. 
Similarly, for the Extended Inlet condition (i.e. second computational domain 
shown in Figure 5.15) the differences in flow rates predicted by different turbulence 
models are shown in Table 5.3 with 100% heat flux contributing to heat convection. 
Table 5.4 shows the same but with 75% total heat flux contributing to heat convection. 
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Figure 5.15: Extended inlet condition 
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Figure 5.16: Normalized vertical velocity at section y/L = 0.73 from the channel inlet for 
Extended inlet condition. 
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Figure 5.17: Normalized vertical velocity at section y/L = 0.53 from the channel inlet for 
Extended inlet condition. 
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Figure 5.18: Normalized vertical velocity at section y/L = 0.16 from the channel inlet for 
Extended inlet condition. 
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Figure 5.19: Normalized temperature at section y/L = 0.73 from the channel inlet for 
Extended inlet condition. 
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Figure 5.20: Normalized temperature at section y/L = 0.53 from the channel inlet for 
Extended inlet condition. 
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Figure 5.21: Normalized temperature at section y/L = 0.16 from the channel inlet for 
Extended inlet condition. 
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Comparison of flow rate for vertical parallel plate channels 
 
Table 5.1: Flow rate for Uniform pressure inlet condition with Heat flux 208 W/m2. 
(i.e.100% convective heat flux) 
Turbulence 
Model 
Flow rate 
(m3/s) 
at y=820 mm 
Flow rate 
(m3/s) 
at y=3865 mm 
% Error at 
(y=820mm) 
% Error at 
(y=3865mm) 
Std. ε−k  
Turbulence 
 
0.73 
 
 
0.73 
 
28 28 
Modified RSM 
Turbulence 0.82 
 
0.82 
 
43 43 
RNG 
Turbulence 
 
0.73 
 
 
0.73 
 
28 28 
RSM 
Turbulence 0.72 0.72 26 26 
Low Re ε−k  
M2 Turbulence 
 
0.77 
 
 
 
0.77 
 
34 34 
Low Re ε−k  
M3 
Turbulence 
0.84 
 
0.84 
 45 45 
Experimental 
 
0.57 
 
 
0.57 
 
- - 
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Table 5.2: Flow rate for Uniform pressure inlet condition  with Heat flux 176 W/m2. 
(i.e.85% convective heat flux) 
 
 
Turbulence 
Model 
Flow rate 
(m3/s) 
at y=820 mm 
Flow rate 
(m3/s) 
at y=3865 mm 
% Error at  
(y=820mm) 
% Error at 
(y=3865mm) 
Std. ε−k  
Turbulence 
 
0.69 
 
 
0.69 
 
 
21 
 
21 
Modified RSM 
Turbulence 
0.76 0.76 33 33 
RNG 
Turbulence 
 
0.69 
 
 
0.69 
 
 
21 
 
21 
RSM 
Turbulence 
 
0.68 
 
0.68 
 
20 
 
20 
Low Re ε−k  
M2 Turbulence 
 
0.72 
 
 
0.72 
 
 
26 
 
26 
Low Re ε−k  
M3 
Turbulence 
 
0.79 
 
 
0.79 
 
 
38 
 
38 
Experimental 
 
0.57 
 
 
0.57 
 
 
- 
 
- 
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Table 5.3: Flow rate for Extended inlet condition with Heat flux 208 W/m2.(i.e.100% 
convective heat flux) 
 
 
Turbulence 
Model 
Flow rate 
(m3/s) 
at y=820 mm 
Flow rate 
(m3/s) 
at y=3865 mm 
% Error at 
(y=820mm) 
% Error at 
(y=3865mm) 
Std. ε−k  
Turbulence 
 
0.65 
 
 
0.65 
 
 
14 
 
14 
Modified RSM 
Turbulence 
0.45 0.45 -21 -21 
RNG 
Turbulence 
 
0.66 
 
 
0.66 
 
 
15 
 
15 
RSM 
Turbulence 
 
0.56 
 
0.56 
 
-1 
 
 
-1 
Low Re ε−k  
M3 
Turbulence 
 
0.73 
 
 
0.73 
 
 
27 
 
27 
Experimental 
 
0.57 
 
 
0.57 
 
 
- 
 
- 
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Table 5.4: Flow rate for Extended inlet condition with Heat flux 176 W/m2.(i.e.85% 
convective heat flux) 
 
 
Turbulence 
Model 
Flow rate 
(m3/s) 
at y=820 mm 
Flow rate 
(m3/s) 
at y=3865 mm 
% Error at  
(y=820mm) 
% Error at 
(y=3865mm) 
Std. ε−k  
Turbulence 
 
0.62 
 
0.61 
 
7 
 
8 
Modified RSM 
Turbulence 
0.38 0.38 -33 -33 
RNG 
Turbulence 
0.62 0.62 8 9 
RSM 
Turbulence 
0.5 0.5 -12 -12 
Low Re ε−k  
M3 
Turbulence 
0.69 0.69 20 20 
Experimental 
 
0.57 
 
 
0.57 
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5.2.2  Comparison with Habib et al., (2002) 
5.2.2.1. Experimental description 
Velocity measurements were carried out for turbulent natural convection flow in 
an asymmetrically heated vertical channel. The plates taken were 12.5mm thick with 
length 125mm and width 200mm. The gap between the plates, b, was 40 mm; hence the 
aspect ratio was 3.125. One plate was kept at 10OC above and the other at 10OC below 
the ambient temperature. The profiles of mean velocity are measured by using a Laser 
Doppler Anemometer and are presented at three different vertical positions taken at 
planes near the entrance, middle and exit of the channel. 
5.2.2.2. Comparison of Low Re ε−k M3 and modified RSM 
The comparison of the vertical velocity profile by Low Re ε−k  M3 and 
Modified RSM for three locations for which experimental mean vertical velocity profile 
were reported is shown in Figure 5.22 at section y/L = 0.11, in Figure 5.23 at section y/L 
= 0.55 and in Figure 5.24 at section y/L = 0.98. From the figures 5.22 – 5.24, it is clear 
that prediction by Low Re ε−k  M3 model are better than modified RSM. The M3 
model predictions are close to experimental data of Habib et al. (2002) at near wall 
region. 
5.2.2.3. Grid Independence Test 
 
A grid independence test was carried out to make sure that the grid size does not 
affect the accuracy of results. Computations were carried out using five different grid 
sizes: 20 x 50, 30 x 50, 50 x 100, 60 x 150 and 200 x 200 grid points. Figure 5.25 to 5.27 
show the mean vertical velocity profile at different locations y/L = 0.11, 0.55 0.98 
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respectively using these different grid sizes. As can be seen the difference in results 
obtained from using 60 x 150 grid and the 200 x 200 grid is very small. Therefore in this 
study a grid size of 60 x 150 is used in order to utilize the computation time efficiently 
without compromising on the accuracy of the computation. 
5.2.2.4. Velocity Contours and Velocity Vectors 
Figure 5.28(a) shows the vertical velocity contours for the asymmetrical flow 
obtained from the present numerical solution while Figure 5.28(b) shows the 
experimental velocity contours. Figure 5.29(a) shows the velocity vectors and Figure 
5.29(b) shows the streamlines for the same asymmetrical flow. Habib et al. (2002) 
reported that flow accelerates up the hot side and decelerates down the cold plate. The 
starting point of each boundary layer is different and concludes that there are two fully 
interacting opposing boundary layers. They have also reported two large vortices inside 
the channel near the channel centerline a small stagnation fluid region in between. This 
phenomenon is clearly visible in the velocity vector contours Figure 5.29(a) and 
streamlines Figure 5.29(b) with larger vortices near the channel centerlines and 
streamlines intersection at point of stagnation. 
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Figure 5.22: Profile of the mean vertical velocity component of the asymmetrical flow at 
y/L=0.11. 
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Figure 5.23: Profile of the mean vertical velocity component of the asymmetrical flow at 
y/L=0.55. 
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Figure 5.24: Profile of the mean vertical velocity component of the asymmetrical flow at 
y/L=0.98. 
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Figure 5.25: Vertical velocity at a section y/L = 0.11 with different mesh size for low Re 
ε−k  M3. 
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Figure 5.26: Vertical velocity at a section y/L = 0.55 with different mesh size for low Re 
ε−k  M3. 
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Figure 5.27: Vertical velocity at a section y/L = 0.98 with different mesh size for low Re 
ε−k  M3. 
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(a) Present contours (b)Experimental contours Habib et al. (2002) 
 
Figure 5.28: Mean vertical velocity component for the asymmetrical flow  
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Figure 5.29 a: Velocity vector for asymmetry flow  
x/b
y/
b
0.0 0.3 0.5 0.8 1.00.0
0.5
1.0
1.5
2.0
2.5
3.0
 
Figure 5.29 b: Streamlines for asymmetry flow 
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5.3 Influence of Different Inlet Conditions 
In addition to the two considered inlet conditions (uniform pressure inlet (Figure 
5.6) and Extended inlet (Figure 5.15)), two additional conditions have been studied, 
namely, the radial flow inlet (Figure 5.30) and the uniform velocity inlet. 
The influence of different inlet conditions on the resulting flow and thermal fields 
have been studied both for laminar and turbulent natural convection flows through the 
vertical parallel-plate channel. 
5.3.1 Influence of different inlet conditions in the laminar regime 
Streamlines and Temperature Contours 
Streamlines (Ψ) for the above four different inlet conditions are shown in Figures 
5.31, 5.32, 5.33 and 5.34 respectively at a modified Rayleigh number of 7.3x103. The 
streamlines resulting from uniform pressure inlet and uniform inlet velocity conditions 
are shown in Figures 5.31 and 5.34. Both figures show similar vertical streamlines. 
However, the streamlines resulting from the extended and radial flow inlet conditions 
(Figures 5.32 and 5.33) are bent toward the channel wall close to the exit section. 
The isotherms (T-TO) for the above mentioned inlet conditions are shown in 
Figures 5.35 to 5.38. The figures indicate that the isotherms for uniform pressure inlet 
and uniform velocity inlet are similar. Air within the heated-layer near the heated wall 
has high temperature. The rest of the domain is unaffected by the flow. The heated layer 
is comparatively thicker for the extended and radial flow cases than the uniform pressure 
inlet and uniform velocity inlet conditions. 
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Figure 5.30: Radial inlet flow condition 
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Figure 5.31: Streamlines for uniform pressure inlet condition at Rab(b/L) = 7.3x103. 
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Figure 5.32: Streamlines for extended inlet condition at Rab(b/L) = 7.3x103. 
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Figure 5.33: Streamlines for radial flow inlet condition at Rab(b/L) = 7.3x103. 
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Figure 5.34: Streamlines for uniform inlet velocity condition at Rab(b/L) = 7.3x103. 
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Figure 5.35: Isotherms for uniform inlet pressure condition at Rab(b/L) = 7.3x103. 
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Figure 5.36: Isotherms for extended inlet condition at Rab(b/L) = 7.3x103. 
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Figure 5.37: Isotherms for radial flow inlet condition at Rab(b/L) = 7.3x103. 
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Figure 5.38: Isotherms for uniform inlet velocity condition at Rab(b/L) = 7.3x103. 
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5.3.2 Influence of different inlet conditions in the turbulent regime 
Velocity and Temperature Profiles 
The vertical velocity distribution at the inlet section for the four analyzed inlet 
conditions are shown in Figure 5.39. The uniform pressure inlet condition has high 
velocity gradient close to both walls. The velocity gradient is less for radial flow inlet. 
For the extended inlet condition a negative velocity is visible near the wall and this may 
be attributed to a small vortex formation in that region. 
The vertical velocity profiles at sections y/L = 0.77, 0.53 and 0.16 are shown in 
Figures 5.40-5.42. At all these sections, the mean vertical velocity resulted from the 
uniform pressure inlet, the extended inlet and uniform inlet velocity are almost the same 
and they compare well with the experimental data by Miyamoto et al. (1986). However, 
the radial flow inlet condition resulted in a different velocity profile. The comparison 
between the mean vertical velocity profile at the three different sections and the 
experimental velocity profile indicates that all inlet conditions have similar velocity 
profiles but the one closest to experimental data is the uniform pressure inlet condition. 
The normalized temperature profiles at the same three sections are shown in 
Figures 5.43 to 5.45. The temperature profiles for uniform pressure inlet condition are 
close to experimental data at sections y/L = 0.53 and 0.16 but underpredict by 25% at y/L 
= 0.77. For radial flow inlet condition, the normalized temperature distributions are 
underpredicted at all sections due to high flow rates. 
Streamlines and Temperature Contours 
The streamlines (Ψ) for the four different inlet conditions are shown in Figure 
5.46, 5.47, 5.48 and 5.49 at a modified Rayleigh number of 1.5 x106. The streamlines 
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resulting from the uniform pressure inlet and uniform velocity inlet condition shown in 
Figure 5.46 and 5.49 are similar. However, two small vortices are formed for the 
extended inlet condition (Figure 5.47) close to walls at inlet. 
The isotherms (T-TO) for the above mentioned inlet conditions are shown in 
Figure 5.50-5.53. The figures indicate that the isotherms for uniform pressure inlet and 
uniform velocity inlet are similar. However, the isotherms for extended and radial flow 
inlet conditions (Figure 5.51 and 5.52) are different. Isotherm of 27OC in radial flow inlet 
appears till a channel height of y/L = 0.5 whereas for all the other inlet conditions the 
same isotherm is visible only till a channel height y/L = 0.2. All the inlet conditions 
studied show a high temperature gradient near the heated wall. 
Local Nusselt Number and Velocity Vectors 
The local Nusselt number distributions along the heated left wall are shown in 
Figure 5.54. The difference between the local Nusselt numbers above a channel height of 
y/L = 0.2 is within a range of 10 to 20%. Velocity vectors from inlet section of channel to 
height y/L = 0.1 are shown in Figure 5.55 to 5.58 for all the abovementioned inlet 
conditions. It is clear in Figure 5.54 that the local Nusselt number distribution for radial 
flow inlet is lowest from inlet section to a channel height y/L = 0.2. This is due to the 
small velocity close to the wall as shown in Figure 5.57. The extended inlet condition has 
highest local Nusselt number from inlet section to y/L = 0.2 due to the small region of 
circulation. The circulation causes localized cooling in vicinity of the wall. This small 
circulation is clearly visible in the velocity vectors shown in Figure 5.56. 
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Figure 5.39: Vertical velocity component at inlet section of four different conditions 
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Figure 5.40: Normalized vertical velocity at section y/L = 0.77 from the channel inlet for 
all inlet conditions by low Re ε−k M3 turbulence model. 
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Figure 5.41: Normalized vertical velocity at section y/L = 0.53 from the channel inlet for 
all inlet conditions by low Re ε−k M3 turbulence model. 
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Figure 5.42: Normalized vertical velocity at section y/L = 0.16 from the channel inlet for 
all inlet conditions by low Re ε−k M3 turbulence model. 
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Figure 5.43: Normalized temperature at section y/L = 0.77 from the channel inlet for all 
inlet conditions by low Re ε−k M3 turbulence model. 
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Figure 5.44: Normalized temperature at section y/L = 0.53 from the channel inlet for all 
inlet conditions by low Re ε−k M3 turbulence model. 
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Figure 5.45: Normalized temperature at section y/L = 0.16 from the channel inlet for all 
inlet conditions by low Re ε−k M3 turbulence model. 
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Figure 5.46: Streamlines for uniform pressure inlet condition 
 
 
 
 
 
 
 
 
 
 
 
(m2/s)Ψ =
  
122
 
 
 
 
0.010.020.050.06
0.070.08
0.03
x/b
y/
L
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
 
Figure 5.47: Streamlines for extended inlet condition 
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Figure 5.48: Streamlines for radial flow inlet condition 
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Figure 5.49: Streamlines for uniform inlet velocity condition 
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Figure 5.50: Isotherms for uniform inlet pressure condition 
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Figure 5.51: Isotherms for extended inlet condition 
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Figure 5.52: Isotherms for radial flow inlet condition 
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Figure 5.53: Isotherms for uniform inlet velocity condition 
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Figure 5.54: Local Nusselt number distribution along a heated wall for low Re ε−k  M3 
turbulence model. 
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Figure 5.55: Velocity vectors at the inlet region for uniform pressure inlet 
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Figure 5.56: Velocity vectors at the inlet region for extended inlet condition. 
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Figure 5.57: Velocity vectors at the inlet region for radial flow inlet condition. 
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Figure 5.58: Velocity vectors at the inlet region for uniform inlet velocity condition. 
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5.4 Influence of Rayleigh number 
 
5.4.1 Influence of Rayleigh number on the Laminar flow regimes 
In this study, the modified Rayleigh number (Ram) range 50 to 3x104 has been 
covered for symmetrically heated isothermal vertical surfaces. The aspect ratio of the 
channel was kept constant (L/b = 12). Figure 5.59 shows the variation of the average 
Nusselt number versus the modified Rayleigh for vertical parallel-plate channel. It can be 
noted that the average Nusselt number increases with the increase of Rayleigh number. 
To study the influence of Rayleigh number on the flow field and heat transfer 
characteristics, the vertical velocity and temperature profiles as well as the isotherms are 
presented for four different Rayleigh numbers. 
The variation of the mean vertical velocity across the channel at different channel 
cross-sections (y/L = 0, 0.5, 1.0) are plotted for a specific value of the modified Rayleigh 
number (Ram) and shown in Figure 5.60-5.63. The vertical velocity profile in Figure 5.60 
shows fully developed flow at the channel exit section when Ram = 80. However, as 
Rayleigh number increases, two velocity peaks occur at the same section as shown in 
Figures 5.61-5.63. These vertical velocity peaks become sharp and move towards the 
channel walls with the increase of the modified Rayleigh number (Ram). 
The vertical velocity distributions across the channel are plotted in Figure 5.64 at 
section y/L = 0.5 and in Figure 5.65at section y/L = 1.0 for different values of Ram. It can 
be noted that the dimensional vertical velocity increases as the Rayleigh number 
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increases as expected. Accordingly, one would expect the mass flow rate to increase with 
the increase of Ram. 
Figures 5.66-5.69 shows the dimensionless temperature distribution across the 
channel for four different modified Rayleigh numbers (Ram = 80, 3040, 7865 and 15732). 
These are plotted in Figure 5.70 at channel mid-plane (y/L =0.5) and in Figure 5.71 at 
channel exit section (y/L = 1.0). It can be noted that the dimensionless temperature 
decreases in the core region as the Rayleigh number increases. 
Figures 5.72-5.75 show the isotherms (θ) for modified Rayleigh numbers 80, 
3040, 7865 and 15732. These plots show that at low Rayleigh number the flow in Figure 
5.72 and 5.73 gets heated in the core region from inlet section of channel while at 
moderate Rayleigh numbers (Figure 5.74 and 5.75), the flow is heated in a layer close to 
the walls. It can be seen that the heated layer thickness decreases as the modified 
Rayleigh number increases. 
Figure 5.76 shows the variation of local Nusselt number along the channel for 
four different Ram. It can be seen that as the modified Rayleigh number increases the 
local Nusselt number also increases over the entire length of the channel. 
This is expected since the increase in Rayleigh number results in an increase of 
the flow velocity which tends to a reduction in the thermal layer thickness. 
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Figure 5.59: The variation of the average Nusselt number versus the modified Rayleigh 
number in laminar regime for vertical parallel-plate channel 
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Figure 5.60: Mean vertical velocity distribution at different cross-section in the channel 
for Rab(b/L) = 80. 
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Figure5.61: Mean vertical velocity distribution at different cross-section in the channel 
for Rab(b/L) = 3040. 
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Figure5.62: Mean vertical velocity distribution at different cross-section in the channel 
for Rab(b/L) = 7865. 
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Figure5.63: Mean vertical velocity distribution at different cross-section in the channel 
for Rab(b/L) = 15732. 
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Figure5.64: Vertical velocity distribution at cross section (y/L = 0.5) for four different 
modified Rayleigh numbers in laminar regime. 
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Figure 5.65: Vertical velocity distribution at cross section (y/L = 1.0) for four different 
modified Rayleigh numbers in laminar regime. 
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Figure 5.66: Dimensionless temperature 
distribution at different cross-
section in the channel for 
Rab(b/L) = 80. 
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Figure 5.67: Dimensionless temperature 
distribution at different cross-
section in the channel for 
Rab(b/L) = 3040. 
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Figure 5.68: Dimensionless temperature 
distribution at different cross-
section in the channel for 
Rab(b/L) = 7865. 
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Figure 5.69: Dimensionless temperature 
distribution at different cross-
section in the channel for 
Rab(b/L) = 15732. 
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Figure 5.70: Dimensionless temperature distribution for different modified Rayleigh 
number in laminar regime at channel cross section y/L = 0.5. 
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Figure 5.71: Dimensionless temperature distribution for different modified Rayleigh 
number in laminar regime at channel cross section y/L = 1.0. 
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Figure 5.72: Isotherm for a modified Rayleigh number 80. 
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Figure 5.73: Isotherm for a modified Rayleigh number 3040. 
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Figure 5.74: Isotherm for a modified Rayleigh number 7865. 
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Figure 5.75: Isotherm for a modified Rayleigh number 15732. 
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Figure 5.76: Local Nusselt number distributions along the channel for different modified 
Rayleigh numbers. 
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5.4.2 Influence of Rayleigh number on the Turbulent flow regime 
This study covers the range of modified Rayleigh number from 1x105 to 1x107 for 
symmetrically heated isothermal vertical surfaces. The aspect ratio of the channel was 
kept constant (L/b = 12). Figure 5.77 shows the variation of the average Nusselt number 
versus Ram for vertical parallel-plate channel. It can be noted that the average Nusselt 
number increases continuously with the increase of Rayleigh number. 
To study the influence of Rayleigh number on the flow field and heat transfer 
characteristics the vertical velocity and temperature profiles as well as isotherms are 
presented for four different Rayleigh numbers (1.9x105, 9.04x105, 1.84x106 and 
7.06x106). The plots of dimensionless mean vertical velocity versus the dimensionless 
distance across the channel at different channel cross-sections (y/L = 0, 0.5, 1.0) are 
plotted for a specific value of the Ram as shown in Figures 5.78-5.81. From these figures, 
it can be seen that the vertical velocity profiles have two velocity peaks in the entire 
range of Rayleigh number considered. These velocity peaks become sharp and move 
towards the channel walls with the increase of modified Rayleigh number. The vertical 
velocity profiles across the channel for four values of Ram are plotted at section y/L = 0.5 
and y/L = 1.0 and are shown in Figures 5.82 and 5.83, respectively. It can be seen that for 
turbulent flows the dimensional vertical velocity increases as the Ram increases. 
Accordingly, the mass flow rate through the channel increases with increase of Ram as 
expected. 
Figures 5.84-5.87 show the dimensionless temperature distribution across the 
channel for four different Rayleigh numbers 1.9x105, 9.04x105, 1.84x106 and 7.06x106 
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which are all in the turbulent flow regime. At all these Rayleigh numbers the temperature 
at outlet section is higher than mid-section. The fluid temperature increases along the 
flow direction as expected. Figures 5.88 and 5.89 show the dimensionless temperature 
distribution across the channel at section y/L = 0.5 and 1.0 for the abovementioned 
Rayleigh numbers. It can be seen that as the Rayleigh number increases the temperature 
at both sections decreases. 
Figures 5.90-5.93 show isotherms for the above modified Rayleigh numbers. In 
the considered Rayleigh number range there is no thermally fully developed flow visible. 
In the turbulent flow regime, as Ram increases the thickness of heated layer decreases. 
Figure 5.94 shows the variation of local Nusselt number along the channel for the four 
different values of Ram. It can be seen that as Ram increases the local Nusselt number also 
increases due to decrease of the thermal layer thickness. 
In the turbulent flow regime, it can be concluded that the average Nusselt number 
increases with the increase of the modified Rayleigh number as observed earlier in the 
laminar flow regime. This is due to increase in flow rate and decrease in the heated layer 
thickness discussed in this section. 
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Figure 5.77: The variation of the average Nusselt number versus the modified Rayleigh 
number in turbulent regime for vertical parallel-plate channel. 
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Figure 5.78: Mean vertical velocity distribution at different cross-section in the channel 
for Rab(b/L) = 1.9x105. 
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Figure 5.79: Mean vertical velocity distribution at different cross-section in the channel 
for Rab(b/L) = 9.04x105. 
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Figure 5.80: Mean vertical velocity distribution at different cross-section in the channel 
for Rab(b/L) = 1.84x106. 
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Figure 5.81: Mean vertical velocity distribution at different cross-section in the channel 
for Rab(b/L) = 7.06x106. 
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Figure 5.82: Vertical velocity distribution at cross-section (y/L = 0.5) for four different 
modified Rayleigh number in turbulent regime. 
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Figure 5.83: Vertical velocity distribution at cross-section (y/L = 1.0) for four different 
modified Rayleigh number in turbulent regime. 
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Figure 5.84: Dimensionless temperature 
distribution at different cross 
section in the channel for 
Rab(b/L)= 1.9x105. 
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Figure 5.85: Dimensionless temperature 
distribution at different cross 
section in the channel for 
Rab(b/L)= 9.04x105. 
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Figure 5.86: Dimensionless temperature 
distribution at different cross 
section in the channel for 
Rab(b/L)= 1.84x106. 
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Figure 5.87: Dimensionless temperature 
distribution at different cross 
section in the channel for 
Rab(b/L)= 7.06x106. 
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Figure 5.88: Dimensionless temperature distribution for different modified Rayleigh 
number in turbulent regime at channel cross-section y/L = 0.5. 
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Figure 5.89: Dimensionless temperature distribution for different modified Rayleigh 
number in turbulent regime at channel cross-section y/L = 1.0. 
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Figure 5.90: Isotherm for a modified Rayleigh number 1.9x105. 
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Figure 5.91: Isotherm for a modified Rayleigh number 9.05x105. 
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Figure 5.92: Isotherm for a modified Rayleigh number 7.06x106. 
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Figure 5.93: Isotherm for a modified Rayleigh number 1.84x106. 
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Figure 5.94: Local Nusselt number distributions along the channel for different modified 
Rayleigh number in turbulent regime. 
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5.5 Influence of Channel Spacing 
The local and average heat transfer characteristics for parallel plate vertical 
channel were studied for the two cases of isothermal and isoflux surfaces for different 
channel spacing. From the literature review, it is clear that there has been no research on 
symmetrically heated vertical channels in the turbulent flow regimes. Therefore, this 
study will cover symmetrically heated vertical channel with both uniform wall 
temperature and uniform wall heat flux in turbulent flow regimes using Uniform pressure 
inlet condition. 
5.5.1 Isothermal Vertical Surfaces. 
Local Nusselt Number Distribution along the Channel 
Figures 5.95, 5.96 and 5.97 show the variation of local Nusselt number along the 
channel for a range of temperature difference of 20O to 70O between the ambient and the 
channel walls considering aspect ratios of 12.5, 50 and 100. The length of the channel is 
kept constant while the channel width changes. As can be seen from Figure 5.95 as the 
temperature difference between ambient and walls increases, the local Nusselt number 
increases. 
Figure 5.98 shows the variation of local Nusselt number along the channel for a 
temperature difference of 40O between ambient and channel walls for different channel 
widths. It can be seen that as the channel width increases there is an increase in local 
Nusselt number. For a channel width of b = 0.4m, it can be seen that the local Nusselt 
number is high at the entrance region followed by a sharp decrease till a channel height of 
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y/L = 0.2 and then increases gradually due to the increase in the fluid velocity as 
observed in Figures 5.99 and 5.100. These figures show the mean vertical velocity at 
channel sections y/L = 0.5 and y/L = 1.0, respectively. 
Bulk Temperature variation along the channel 
The variation of bulk temperatures along the channel was investigated for three 
different channel aspect ratios of 25, 50 and 100 and the results are shown in Figures 
5.101, 5.102 and 5.103, respectively. From Figure 5.101 it can be seen that the bulk 
temperature is lowest for ∆T=20O (temperature difference between channel wall and 
ambient) and is highest for ∆T=70O. Similar trend could be observed in Figure 5.102 and 
5.103. So it can be concluded that as the temperature difference between channel wall 
and ambient increases the bulk temperature also increases at any location in the channel. 
Comparing the bulk temperature for different aspect ratios, it can be seen that as 
the channel aspect ratio increases the bulk temperature of the channel at any particular 
temperature difference increases. Comparing the bulk temperature of the channel for ∆T 
= 70O for different channel aspect ratio it can be seen in Figure 5.104 that for an aspect 
ratio of 25, the maximum temperature reached close to channel exit is 311 K while for a 
channel aspect ratio of 50 and 100 it is 322 K and 344 K, respectively. 
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Figure 5.95: Local Nusselt number along the wall for channel width b = 0.4m and length 
L = 5m at different wall temperatures. 
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Figure 5.96: Local Nusselt number along the channel for channel width b = 0.1m and 
length L = 5m with different temperatures. 
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Figure 5.97: Local Nusselt number along the channel for channel width b = 0.05m and 
length L = =5m with different temperatures. 
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Figure 5.98: Local Nusselt number along the channel for ∆T = 40 with different channel 
aspect ratio. 
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Figure 5.99: Mean vertical velocity at a section y/L =0.5 and ∆T = 40 for different 
channel aspect ratio 
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Figure 5.100: Mean vertical velocity at a section y/L =1.0 and ∆T = 40 for different 
channel aspect ratio 
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Figure 5.101: Bulk temperature distribution along the channel for channel width b = 0.2m 
and length L = 5m with different temperatures. 
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Figure 5.102: Bulk temperature distribution along the channel for channel width b = 0.1m 
and length L = 5m with different temperatures. 
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Figure 5.103: Bulk temperature distribution along the channel for channel width b = 
0.05m and length L = 5m with different temperatures. 
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Figure 5.104: Bulk temperature distribution along the channel for ∆T = 70O C and 
different channel aspect ratios. 
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Average Nusselt Number 
The average Nusselt number for isothermally heated vertical surfaces for various 
modified Rayleigh numbers were plotted in Figure 5.105. The abscissa is the modified 
Rayleigh number based on the width of the channel multiplied by the inverse of the 
channel aspect ratio (b/L). It may be observed that the data are well correlated by this 
type of representation. The average Nusselt numbers for different channel aspect ratios at 
different modified Rayleigh number are shown in Figure 5.105. For isothermal vertical 
surfaces, the modified Rayleigh is calculated as follows: 


∆=
L
bbTgRab 2
3
*
ν
β  (5.1)
The average Nusselt number data are correlated by the least-square power law 
which results in the following correlation: 
27.0)]/([64.0 LbRaNu b=  (5.2)
The above correlation is shown by the solid line in Figure 5.105.The best fit over 
the whole range considered has a co-efficient of determination 0.99 (R2)  
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Figure 5.105: Average Nusselt number for symmetrically heated Isothermal surfaces. 
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5.5.2 Isoflux Vertical Surfaces 
Average Nusselt Number 
Figure 5.106 shows the effect of Rayleigh number on the average Nusselt number 
obtained for two parallel-plate vertical channel with symmetrical heat flux on both plates. 
The abscissa is the modified Rayleigh number based on the width of the channel 
multiplied by the inverse of the channel aspect. It may be observed that the data are well 
correlated by this type of representation. For isoflux vertical surfaces, the modified 
Rayleigh is calculated from  


=
L
b
k
bqgRa cb 2
4
*
ν
β  (5.3)
this is the form of equation used my many authors (Said and Krane, 1991; Miyamoto et 
al. 1986) to correlate average Nusselt number with Rayleigh number. The average 
Nusselt number data are well correlated by the least-square power law 
21.0)]/([85.0 LbRaNu b=  (5.4)
which is shown by the solid line in Figure 5.106.The best fit over the whole range 
considered has a co-efficient of determination 0.97 (R2)  
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Figure 5.106: Average Nusselt number for symmetrically heated Isoflux surfaces 
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Chapter 6 
Conclusions and Recommendations 
6.1 Conclusions 
The research described here constitutes a comprehensive study of the turbulent 
heat transfer and fluid flow characteristic of flow through buoyancy driven natural 
convection in vertical parallel plate channel. The general purpose computer code 
FLUENT is used to perform the numerical computations. The numerical procedure has 
been validated by comparing the present results with both experimental and numerical 
work in the literature for both laminar and turbulent natural convection problems. 
Different turbulence models have been used to study the flow and heat transfer 
characteristics for Rayleigh numbers in the range of 105 to 109. Different inlet boundary 
conditions are applied at the channel inlet to simulate complex buoyancy driven natural 
convention flows. During the course of investigation, various parameters such as 
Rayleigh number, channel aspect ratio, temperature difference between walls and 
ambient and different wall heat flux were systematically varied. The investigation yielded 
patterns of fluid flow and heat transfer presented in the form of streamlines, isotherms, 
velocity and temperature profiles, bulk temperature of the channel in addition to the local 
and average Nusselt number distribution. 
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The conclusions derived from the present study can be summarized as follows 
1. Laminar natural convection in vertical parallel-plate channel for uniform 
pressure inlet condition is in good agreement with experimental results of 
Witz and Haag (1985). 
2. The Low Reynolds number ε−k  M3 Model has the capability to predict flow 
and heat transfer characteristics in the considered range of turbulent flow 
regime. 
3. A uniform pressure inlet condition with inlet ambient pressure and 
temperature boundary condition is the best assumption for simulating the 
actual flow processes. 
4. For both laminar and turbulent flow regimes, the average Nusselt number 
increases with increasing modified Rayleigh number. 
5. A new correlation for Nusselt number was obtained for symmetrical flow with 
isothermally heated surfaces in terms of modified Rayleigh number. 
6. Another new correlation for Nusselt number was obtained for the case of 
symmetrical flow with isoflux surfaces in terms of the modified Rayleigh 
number. 
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6.2 Recommendations 
 
1. Detail experimental flow and heat transfer data are needed to further validate 
the two-dimensional transport analysis and the appropriateness of the low 
Reynolds number ε−k  M3 turbulence model. 
2. The scope of this study is limited by the assumption of two-dimensional, 
turbulent, natural convection flows. Further studies are required to extend the 
results of the present investigation to the three dimensional turbulent flow. 
3. The heat transfer characteristics of converging-plate channels can be 
investigated with different converging angles. 
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